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Abstract
Thepurposeofthisthesisistoexplaintheunderlyingphysicsofturbulentparticle-
ladenﬂowsinthecontextofDirectNumericalSimulations(DNS).Moreover,mod-
elingtools,thatcanbeusedinLargeEddySimulations(LES),aredevelopedand
validatedagainstexperimentalandDNSdata.
DNSofhomogenousandisotropicturbulenceareperformedinordertoexplainthe
turbulencemodulationcausedbytheparticles.Inordertocarryoutthisanalysis,
anovelforcingmethodisdevelopedthatretainsthestatisticsoftheﬂuid.Contrary
tootherforcingschemes,itisshownthatthisschemedoesnotaﬀectthestatistics
ofbothphases.Thetwo-waycouplingspectrumrevealsthattheparticlestransfer
energyfromthelargetothesmalscales,wherebysomeofthisenergyisdissipated
bytheﬂuid. Additionaly,amodeltwo-waycouplingspectrumisproposedthat
considerstheobservationsoftheDNSstudy.
FilteringisperformedontheDNSresultsinordertoremovethehighfrequency
velocitycomponents.Itisevidentfromtheresultsthattheabsenceofthesubgrid
velocityﬂuctuationshaveanimpactontheparticlepairdispersion. Moreover,a
novelstochasticmodelisproposedwhichreconstructsthesubgridscaleturbulence
characteristics.Theresultsofthemodelareverypromisingasthereisgoodagree-
mentwiththeDNSdata.
LESofaturbulenthorizontalparticle-ladenchannelﬂowisperformedinorderto
comparethesoft-sphereandhard-spheremodelsandcouplingstrategies. Anovel
roughnessmodel,usedinconjunctionwiththesoft-spheremodel,isproposed.The
resultsofthesoftsphereandhardspheremodelsareinverygoodagreementwith
theavailableexperimentaldata.Furthermore,theresults,also,showthatthewal
roughnessisanimportantmechanisminkeepingtheparticlesdistributedacrossthe
channeldespitetheactionofgravity.
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Nomenclature
αf Fluidvolumefraction
αp Particlevolumefraction
β Particledragfunction(s−1)
ǫf Fluiddissipationrate(m2s−3)
ηκ Kolmogorovlengthscale(m)
vˆ Fouriertransformedvelocity(m2s−1)
κ Wavelength(m−1)
λ(k)ij Taylorlengthscaleindirectionkofvelocitycomponentsviandvj(m)
∆y2f(t)Fluid-particlemeansquaredisplacement(m)
µf Fluidviscosity(kgm−1s−1)
νf Fluiddynamicviscosity(m2s−1)
ω Frequency(s−1)
ωi Vorticity(s−1)
Πi Inter-phasemomentumexchange(ms−2)
ρf Fluiddensity(kgm−3)
ρp Particledensity(kgm−3)
τκ Kolmogorovtimescale(s)
τp Particleresponsetime(s)
τij Shearstresstensor(kgm−1s−2)
τL,λ LagrangianTaylortimescale(s)
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Nomenclature
B(1)11(r,t)Normalisedone-dimensionalautocorrelationsindirection1ofvelocity
componentsv1
B(1)ij(r,t)Normalisedonedimensionalcross-correlationindirection1ofvelocity
componentsviandvj
CD Coeﬃcientofdrag
CE(τ)NormalisedEulerianvelocityautocorrelationfunction
CL(τ)NormalisedLagrangianvelocityautocorrelationfunction
DL2,ij(s)SecondorderLagrangianstructurefunction(m2s−2)
dp Particlediameter(m)
E(κ) Three-dimensionalenergyspectrum(m3s−2)
Ef(ω)Temporalﬂuidenergyspectrum(m2s−1
Ep(ω)Temporalparticleenergyspectrum(m2s−1)
F(1)ij(κ)Spatialone-dimensionalenergycross-spectrumindirection1ofvelocity
componentsviandvj(m3s−2)
gi Gravity(ms−2)
L(k)ij Integrallengthscaleindirectionkofvelocitycomponentsviandvj(m)
mp Particlemass(kg)
p Pressure(kgm−1s−2)
q2f,L FluidLagrangianturbulencekineticenergy(m2s−2)
q2p Particleturbulencekineticenergy(m2s−2)
Re Reynoldsnumber
Reλ TaylorReynoldsnumber
ReL IntegralReynoldsnumber
Rep ParticleReynoldsnumber
sij Strainrate(s−1)
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Nomenclature
St Stokesnumber
Ti Additionalsource-forcingterm(ms−2)
Tf,E Eulerianintegraltimescale(s)
Tf,L Lagrangianﬂuidintegraltimescale(s)
Tp,L Particleintegraltimescale(s)
v+i Lagrangianvelocity(ms−1)
vi Velocity(ms−1)
Vp Particlevolume(m3)
vf,i Fluidvelocityinidirection(ms−1)
vp,i Particlevelocityinidirection(ms−1)
x+i Lagrangianposition(m)
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1Introduction
Thisthesisisconcernedwiththenumericalstudyofmultiphaseﬂows,inparticu-
larturbulentgas-solidﬂows.Thetermmultiphaseﬂowsreferstoﬂowsthatcontain
diﬀerentphases,forexamplegasandsolid,gasandliquidorsolidandliquid.There-
fore,amultiphaseﬂowisaﬂowofmultiplephasessuchasparticlesingases,liquid
ingasestonameafew.Undoubtedly,theresearchareaofmultiphaseﬂowsisvery
broadandnotveryweldeﬁned,hencetheaforementioneddeﬁnitionshouldnot
betakentoostrictly. Multiphaseﬂowsareverycomplexduetothepresenceand
interactionofvariousphysicalphenomenawhichoccuratalargerangeoflength
scales.Examplesofthesephysicalphenomenaincludechemicalreactionsbetween
phases,combustionorparticle-ﬂuidinteractions.Thewiderangeofapplicationsof
multiphaseﬂowsmakestheirmodelingveryimportantandhencetheunderstanding
oftheaforementionedphysicalphenomenaisofprimarysigniﬁcance.
Industrycontainsanabundanceofexamplesconcerningmultiphaseﬂows.Suchex-
amplesarepneumatictransport;ﬂuidisedbeds;energygenerationfromfossilfuels;
andthepharmaceuticalindustry. Additionalexamplesofmultiphaseﬂowscanbe
foundintheenvironmentsuchasthedispersionofsootparticlesintheatmosphere;
theﬂowofparticlesincyclones;therainandsnowinthesky.Therefore,theneed
tounderstandthephenomenathatunderlyparticle-ladenturbulentﬂows,suchas
theparticle-ﬂuid,particle-particleandparticle-walinteractions,arecrucialtotheir
correctmodelingandcanresultinthebetterdesignofindustrialprocesses. The
complexityofmultiphaseﬂows,however,makestheirunderstandingandmodeling
verydiﬃcultduetothevariousphysicalphenomena.Perhapsthemostimportant
aspectinﬂuencingturbulentparticle-ladenﬂowsistheturbulenceitselfduetoits
seeminglyrandomandchaoticnature,whichcomplicatestheanalysisofsuchﬂows
evenfurther.
Eventhoughexperimentalstudiescanbeusedtoexplaintheseimportantphysi-
calphenomena,itisverydiﬃculttoexamineimportantaspectsofamultiphase
ﬂowthatoccurattheﬁnestscalesingreaterdetail.However,experimentalstudies
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haveindeedhelpedinthedevelopmentofComputationalFluidDynamics(CFD)
codesandthecorrect“tuning”ofmodels. Unfortunately,manyofthetechniques
usedinexperimentalstudiesaredevelopedfromthestudyofsinglephaseturbu-
lenceand,therefore,facetremendousdiﬃcultiesinstudyingaturbulentmultiphase
ﬂow.Furthermore,experimentalstudiessuﬀerfromthelevelofcontrolrequiredin
somescenarios,suchasexaminingparticleclusteringofadiluteturbulentﬂowor
evenvisualisingtheprecisemomentofthebreak-upofadropletinaturbulentﬂow
(ProsperettiandTryggvason,2007).
Numericalsimulationshave,therefore,becomeavitaltoolintheunderstandingand
modelingofmultiphaseﬂowsystems. Themostappropriateframeworktostudy
thesephysicalphenomena,especialytheparticle-ﬂuidinteractions,isviaDirectNu-
mericalSimulations(DNS).Despitetherapidincreaseincomputationalpowerand
techniquesinrecentdecades,thecomputationaleﬀortandtime,andevenstorage
oflargedatasetsrequiredbyDNSisstilveryprohibitive.LargeEddySimulations
(LES),ontheotherhand,oﬀeracheaperwaytostudytheseﬂowsattheexpense
ofaccuracy.Therefore,theneedtounderstandandmodeltheunderlyingphysical
processesbecomesapparent. ThisthesisfocusesontheDNSandLESofsimpli-
ﬁedparticle-ladenturbulentﬂowswiththeaimofﬁrstexplainingtheunderlying
physicalphenomenaandsecondlydevelopingappropriatemodelingtools.
1.1 Presentcontributions
DNSofparticle-ladenhomogenousandisotropicturbulenceareperformedinorder
toexaminethevariousphysicalphenomena.Inordertocarryoutthisanalysis,a
novelforcingmethodisdevelopedthatretainsthestatisticsoftheﬂuid.Contrary
tootherforcingschemesitisshownthatthecurrentschemedoesnotinﬂuencethe
behaviouroftheparticlesandtheﬂuidtherebymakingthestudyofparticleladen
stationaryturbulencefeasible.Anotherobjectiveofthisworkistodetermineand
quantifythediﬀerencescausedbyﬁltersthatareusedinLES.Particularly,tomimic
thebehaviourofLES,ﬁlteringisperformedontheactualDNSresultsinordertoex-
aminethemodiﬁcationofsingleparticleandparticle-pairdispersion.Furthermore,
anovelstochasticmodelwhichreplicatesthephysicalmechanismsobservedinthe
DNSstudyisproposed. Recognisingthatotherphysicalphenomenaareatplay
inmorecomplexﬂows,suchasparticle-walcolisionsandtheeﬀectofwalrough-
ness,LESofaturbulentparticle-ladenchannelﬂowisperformedtoexaminetheir
inﬂuenceonthestatisticsofbothphases. Additionaly,anovelroughnessmodel
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isproposedinordertoobtainimprovedagreementwiththeavailableexperimental
data.
1.2 Thesisoutline
Chapter2providesthefundamentalbackgroundandtheimportantparametersin
multiphaseﬂowsthatareusedthroughoutthiswork. Moreover,thechapterpro-
videsthemathematicalmodelingoftheﬂuidandparticlephases.Inparticular,
thegoverningequationsoftheﬂuidphaseareprovidedandthecouplingstrategy
betweenthetwophasesisshortlydiscussed.Furthermore,thesimpliﬁedequationof
motionofanindividualsolidparticleisdescribedalongsidethenecessaryassump-
tionsrequiredtotreattheparticlesaspoint-masses. Adescriptionoftheparticle
trackingisperformedinMultiFlow (van Wachemetal.,2012),thenumerical
codeusedinthiswork,andthevariousalgorithmstocomputetheparticleforcesis
provided.
Chapter3ﬁrstdiscussesthemostcommonforcingschemesusedintheliteratureto
sustainturbulence.Aforcingschemeisrequiredinordertocounteractthedissipa-
tiveeﬀectsofviscosityandthereforesustainturbulence.Anovelforcingschemeis
proposed,whichistestedviaDNSofsingle-phasehomogeneousandisotropicturbu-
lence(HIT).Inparticulartheschemeistestedforhomogeneityandisotropyatthe
globalandlocallevels.Atthesametimeimportantparameterscommonlyusedin
turbulencetheoryareintroduced.Spatialvelocitycorrelationfunctionsandspectra
areexaminedundertheinﬂuenceofdiﬀerentforcingparameters,suchastheinitial
modelspectrumandthetriggeringwavenumberrange. Moreover,thebehaviourof
notionalﬂuid-particlesisexaminedunderknownanalyticalequationsobtainedfrom
turbulencetheory.Finaly,ashortdiscussionisprovidedontheeﬀectsofwindow
functionsandperiodicityofthedomainonthespatialandtemporalcorrelation
functions.
Chapter4theeﬀectoftheproposedforcingschemeontheﬂuidphasebackedby
DNSofparticle-ladenforcedHITisevaluated.Inparticular,theinﬂuenceofthe
forcingschemeonthenon-lineartransferfunctionoftheﬂuidisexamined,inorder
todeterminewhichwavenumbermodesoftheﬂuidareinﬂuencedbytheforcing
scheme. Additionaly,thespatialcoherencespectraandphasebetweentheﬂuid
velocityandforcingcross-spectraareexaminedtodeterminethestatisticalsignif-
icanceontheforcedwavenumbersoftheﬂuid. Finaly,theeﬀectoftheforcing
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schemeonthetemporalevolutionoftheturbulencekineticenergyisexamined.
Chapter5investigatestheturbulencemodulationcausedbytheinteractionofpar-
ticlesbyperformingaseriesofDNSoffuly-coupledforcedHIT.Inparticular,the
modiﬁcationofthedissipationrateoftheﬂuidisexaminedforarangeofStokesand
TaylorReynoldsnumbersandparticlevolumefractions. Additionaly,themodiﬁ-
cationofthethree-dimensionalenergyanddissipationspectraisexamined,paying
particularattentiontothebehaviourandphysicalmeaningofthetwo-waycoupling
spectrum.Finaly,amodelspectrumforthetwo-waycouplingisproposedinview
oftheﬁndingsofthestudy.
Chapter6examinesthedispersionofsolidparticlesandﬂuid-particlesofthesame
casesundertakeninChapter5.Thepurposeofthischapteristocloselyexaminethe
singleparticledispersioninturbulenceunderwelknowntheoreticalresultsarising
fromturbulencetheory.Additionaly,thedispersionofparticle-pairsinturbulenceis
examinedinordertodeterminetheirbehaviourundervariousconditions,namelyby
varyingtheStokesnumberoftheparticles.Finaly,themodiﬁcationofthesecond
orderLagrangianstructurefunction,whichisparticularlyimportantinstochastic
modeling,isinvestigated.
Chapter7investigatestheeﬀectsofsubgridscaleﬂuctuationsonthesinglepar-
ticleandparticle-pairdispersionbyperformingaposterioriﬁlteringontheDNS
dataofChapter5andChapter6.Aposterioriﬁlteringisperformedinorderto
mimictheeﬀectofLESﬁltersandthereforequantifythediﬀerencesinthemotionof
solidandﬂuid-particlesobservedinDNS.Moreover,LESsimulationsareperformed
inordertoinvestigatetheeﬀectoftheeddyviscositymodelontheparticle-pairdis-
persion.Furthermore,anovelstochasticmodel,whichreplicatestheobservationsof
theprevioustwochapters,isproposed.Finaly,themodelisvalidatedagainstthe
benchmarkDNSdata.
Chapter8studiesaturbulentparticle-ladenchannelﬂowbyperformingLESinor-
dertoexaminetheimportanteﬀectsofroughwalsonthestatisticsofbothphases
andvariouscouplingstrategies. Thesoft-sphereandhard-spheremodelsarealso
comparedtoexaminetheireﬀectsontheparticlestatistics. Additionaly,anovel
roughnessmodel,usedinconjunctionwiththesoft-spheremodel,isproposedand
theresultsarecomparedwiththeavailableexperimentaldata.
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Thepurposeofthischapteristopresentthemainmodelingtoolsusedinthisre-
searchworkandthebasicworkingprincipleoftheresearchcode,MultiFlow .
Partsofthischapterhavebeenpublishedintheelectronicannexof:
G.Malouppas,andB.G.M.Van Wachem. LargeEddySimulationsofTurbulent
Particle-LadenChannelFlow.InternationalJournalofMultiphaseFlows.Interna-
tionalJournalofMultiphaseFlow,54:65-75,April2013
2.1Introduction
Inthisworkparticle-ladenﬂuidﬂowsaremodeledviatheEulerian-Langrangian
framework.ThatisthemotionoftheﬂuidisdescribedbytheEulerianframework
buttheparticles,ontheotherhand,aredescribedbytheLangrangianframework.
Therearevariousapproachesinwhichthecontinuousphaseofmultiphaseﬂowscan
bepredicted.NamelythesearetheLargeEddySimulation(LES),DirectNumeri-
calSimulation(DNS)andtheReynoldsAveragedNavier-Stokes(RANS)methods.
RANSmethodsdonotresolvethesmalscalesoftheﬂuid,whichareimportant
forturbulentﬂows,butonlyconsiderthespatialyaveragedquantitiesofthetrans-
portequations. Thesmalerscalesaremodeledbyappropriateclosuremodels.
DNSmethods,ontheotherhand,oﬀermuchhigheraccuracyinsolvingtheNavier-
Stokesequationsattheexpenseofhugecomputationaleﬀort.Currently,DNScan
onlysolveforﬂowsoflowReynolds(Re)numbers,whichareoutsidetheengineering
andindustrialinterests.AlthoughthecomputationaleﬀortforLESisstilveryhigh,
itisconsiderablylowerthanforDNS.LEShas,therefore,becomeveryfashionable
foranalysisofﬂowsinresearchandisalsoanemergingtoolinindustrialproblems.
Brieﬂy,LESsolvestheNavier-Stokesequationsdowntoaparticularlength-scale,
whichisoftheorderoftheinertiallengthscales,bytheapplicationofaspatial
ﬁlter.Length-scalessmalerthanthecut-oﬀﬁlterwidth(∆)aremodeledwitha
30
Chapter2:Background
so-caledsub-gridscale(SGS)model.ItshouldbenotedthatintypicalLESsim-
ulations,thecut-oﬀwidthisthegridspacingofthemeshanditisanindication
ofthesmalestsizeeddiesthatareretainedinthecomputations. Eddiessmaler
than∆,arethereforeﬁlteredoutandmodelsarerequiredtoprovideclosureforthe
SGSstresses.Thesestressesaccountfortheeﬀectoftheunresolvedscalesonthe
convectivemomentumtransport.
Asalreadymentioned,theequationofmotionofindividualparticlesinthiswork
issolvedintheLagrangianframework. Theparticlesconsideredinthisworkare
sphericalandareapproximatedaspoint-particles;i.e.“theindividualparticlesare
treatedasmathematicalpointsourcesofmass,momentumandenergy”(Prosperetti
andTryggvason,2007).Thebeneﬁtofthisapproachcomparedtofulyresolvingthe
ﬂowaroundparticles(i.e.takingintoaccounttheno-slipconditiononthesurfaceof
eachparticle)isthereducedcomputationaleﬀortthatwouldbeotherwiserequired.
Therefore,inthiswayalargenumberofparticlescanbesimulated,eveninlarge
andcomplicateddomains.Particlesaretreatedaspoint-masses,thereforeamodel
isrequiredtodescribetheexchangeofmomentumbetweenthetwophases,which
isdescribedinsection2.3andtherelevantassumptionsarediscussedinmoredetail
insection2.4.
Thepurposeofthischapteristoprovidethebackgroundofthemainmodeling
toolsthatareusedthroughoutthisworkforbothphases.Thischapterisdivided
intothreeparts.Section2.2describestheimportantparametersusedinmultiphase
ﬂows.Section2.3discussesthemathematicalmodelingoftheﬂuidphase.Abrief
explanationisprovidedhowtheparticlephaseiscoupledwiththeﬂuidphasevia
themomentumequationoftheﬂuid.Section2.4discussesthemathematicalmod-
elingoftheparticlephase,inparticularhowtheequationofmotionofindividual
particlesissolved.Furthermore,thissectiondiscussesthecolisionalgorithmsused
inthiswork,whicharethesoftsphereandhardsphereimplementations.Addition-
aly,section2.4discussestheparticletrackingstrategyemployedbyMultiFlow,
thein-housecodeusedtoperformthesimulationsinthisworkanddevelopedby
van Wachemetal.(2012).
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2.2Importantparameterstocharacterise
multiphaseﬂows
Multiphasephaseﬂowscanbedividedintotwomaincategories;diluteanddense
ﬂows. Thisclassiﬁcation,whichisbasedontheinteractionmechanisms,waspro-
videdbyElghobashi(1994). Thecriterionfordistinguishingbetweenthesecate-
goriesiseithertheparticlevolumefractionortheinter-particledistanceforthe
dispersedphase(Sommerfeldetal.,2008),whichisdeﬁnedas
αp= i
NiVpi
V (2.1)
whereVisthetotalvolumeandNiisthenumberofparticleswithparticlevolume
Vpi=d3piπ/6,wheredpistheparticlediameter. Theinter-particledistance,fora
cubicarrangementisdeﬁnedas
L
dp=
π
6αp
1/3
(2.2)
InTable2.1dilute(αp<10−3)anddense(αp≥10−3)two-phaseﬂowsaredis-
tinguished. Moreover,Table2.1referstothreeregimes;one-way,two-wayand
four-waycoupling,thatclassifytheleveloftheinteractionbetweentheparticles
andtheturbulenceoftheﬂowandbetweentheparticlesthemselves. Namely,in
theregionofone-waycoupling(αp<10−6)particleshavenegligibleeﬀectonthe
turbulence,hencetheeﬀectofparticlesontheﬂuidﬂowcanbeneglected.Inthe
two-waycouplingregion(10−6<αp<10−3)theeﬀectoftheparticlesontheﬂuid
mustbeconsidered,becauseparticlesdynamicalyinteractwiththeturbulentstruc-
turesoftheﬂuidandhencemodulateturbulence.Inthefour-waycouplingregime
(αp>10−3),inadditiontothemomentumtransfer,theinter-particlecolisions
comeintoeﬀect(Elghobashi,1994;Sommerfeldetal.,2008).
Otherimportantparametersfortwo-phaseﬂowsarethesolidsloading(η),par-
ticleReynoldsnumber(Rep)andtheStokesnumber(St).Thesolidsloadingηis
deﬁnedastheratioofthetotalmassﬂowrateofthedispersedphasetothetotal
massﬂowrateofthecontinuousphase
η= αpρpvp,bulk(1−αp)ρfvf,bulk (2.3)
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Table2.1: Regimesofdispersedtwo-phaseﬂows
Regime Particle volume
fraction(αp)
Typeofﬂow Description
One-way
coupling
αp<10−6 Dilute •Particleshaveanegligibleef-
fectonturbulence
Two-way
coupling
10−6<αp<10−3 Dilute •Particlesaﬀectturbulence
Four-way
coupling
αp>10−3 Dense •Particlesaﬀectturbulence
•Colisionsareimportant
wherevp,bulkandvf,bulkaretheparticleandﬂuidbulkvelocitiesrespectively. The
Stokesnumberistheratioofthetypicaltimescaleofthedispersedphasetothe
timescaleofthecontinuousphase.Typicaly,theStokesnumberisdeﬁnedasthe
ratiooftheparticleresponsetimeτptoacharacteristicturbulencetimescaleofthe
ﬂowτf(Croweetal.,1998),
St=τpτf (2.4)
where
τp= ρpd
2p
18µffD (2.5)
andfD,whichisacorrectionfunction,isusedsincetheparticlesinthisworkare
weloutsidetheStokesﬂowregimeanditisdeﬁnedas
fD=CDRep24 (2.6)
whereCD isthedragcoeﬃcientforsphericalparticles,whichisdiscussedinSec-
tion2.4andRepistheparticleReynoldsnumber
Rep=ρfdpvf,i−vp,iµf (2.7)
whereρfistheﬂuiddensity,µfistheﬂuidviscosity,vf,iistheﬂuidvelocity,vp,i
istheparticlevelocityandτfisusualytheKolmogorovtimescaleτκ. Notethat
multipleﬂuidtimescalescanbeusedinthedeﬁnitionoftheStokesnumber.For
instance,fordenseparticle-ladenﬂowsacolisiontimescalecanbeused,theintegral
timescaleoftheﬂowcanbeusedoreventheﬂowtimescaleinwalunitsforwal
boundedﬂows.InthisworktheKolmogorovtimescaleispredominantlyusedforthe
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deﬁnitionoftheStokesnumberasthistimescaleisthemostrelevantinquantifying
theresponseoftheparticlesatthesmalscales. Thisnumberisanimportant
dimensionlessratioasitessentialyprovidesanestimationoftheresponseofthe
particlestoturbulence.Forlightorsmalparticles,i.e.whenSt→0,solidparticles
arefulyresponsivetoturbulenceandcompletelyfolowtheﬂowandthusbehave
asﬂuidtracers. Ontheotherhand,heavyorlargeparticles,i.e. whenSt→ ∞,
arecompletelyunresponsivetoturbulenceanddonotfolowtheﬂuid. Thereis
aparticularregimeofStokenumbers,i.e. whenSt∼ 1,thatfolowturbulent
eddiesandthenareejectedoutofthem. Thisresultsinparticlespreferentialy
concentratingandthereforeleadingtoade-mixingphenomenon(Croweetal.,1988,
1998).Figure2.1ilustratesthediﬀerencesinthetrajectoriesbetweenﬂuid-tracers
(particlesthatcompletelyfolowtheﬂow)andsolidparticlesoftheaforementioned
Stokesnumbers.
Figure2.1:Ilustrationofdiﬀerencesbetweenthetrajectoriesofﬂuid-tracer(solid
line)andthecorrespondingsolidparticles(dashedline)ofdiﬀerent
Stokesnumbers(St→ 0,St∼1andSt→ ∞)foundinthesame
turbulentﬂowﬁeld.
2.3 Mathematical modelingoftheﬂuid-phase
Thegoverningequationsoftheﬂuidphasearethemasscontinuityandtheconser-
vationofmomentum.Themasscontinuityisgivenby
∂ρfαf
∂t +
∂ρfαfvf,i
∂xi =0 (2.8)
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wherethesubscriptfdenotestheﬂuidphase,αfistheﬂuidvolumefraction,ρf
istheﬂuiddensityandvf,iisthevelocityoftheﬂuidintheithdirection. The
momentumequationssolvedinthisworkare
∂(αfvf,j)
∂t +
∂(αfvf,jvf,i)
∂xi =−
1
ρf
∂αfp
∂xj +
1
ρf
∂(αfτij)
∂xi +Svf,j+Tj+Πj (2.9)
whereSrepresentssourcetermslinearinthevelocityﬁeld,Tjrepresentsadditional
sourcetermsandthelasttermontherighthandside(Πj)istheinter-phasemo-
mentumexchange,otherwisedenotedintheliteratureastwo-waycoupling. More
detailsregardingthecouplingstrategybetweentheparticlesandtheﬂuidarepro-
videdinsection2.3.1.Finaly,pisthepressureoftheﬂuidandτijistheviscous
stresstensoroftheﬂuid,whichisgivenby
τij=µf ∂vf,i∂xj+
∂vf,j
∂xi −
2
3µf
∂vf,k
∂xkδij (2.10)
whereµfistheviscosityoftheﬂuid.However,theﬂuidconsideredthroughoutthis
workisincompressibleandduetocontinuitytheviscousstresstensorsimpliﬁesto
τij=µf ∂vf,i∂xj+
∂vf,j
∂xi (2.11)
2.3.1Formulationoftwo-waycoupling
Theparticleeﬀectsareincludedintheﬂuidmomentumequation(Equation2.9)
asasourcetermapproximatedbythedragfunctionof WenandYu(1966). The
PSI-Cel methodofCroweetal.(1977)isusedandtheforceoftheparticleonthe
ﬂuidineachcomputationalcelisvolumeaveragedandaddedasasourcetermin
themomentumequation.ThesourcetermΠjisdeﬁnedas
Πj=−1ρf
1
Vcell
phases=f
p=1
Vpβ(f,p)vf@p,j−vp,j (2.12)
wherethesummationisforalparticlesandfractionsofthemineachcomputational
cel,Vcelisthelocalvolumeofthegridcelwhichtheparticlesarepresent,Vpisthe
particlevolume,vf@p,jistheundisturbedﬂuidatthelocationoftheparticleand
vp,iistheparticlevelocity.βisthedragfunctionproposedby WenandYu(1966)
anditisdescribedinthefolowingsection.Inthisway,theLagrangianparticle
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propertiesaretransformedtoEulerianbyvolumeaveraging.Notethatthismethod
involvestheinterpolationofLagrangianquantitiestotheﬂuidcelcentres.
2.4 Mathematicalmodelingoftheparticle-phase
Thissectiondescribeshowtheequationofmotionofanindividualparticleissolved.
First,thegeneralequationofmotionofaparticleispresentedandthensimpliﬁed
tosolidparticles,sincethisworkonlyconsiderssolidsphericalparticlesthatare
muchdenserthantheﬂuidphase.Thesoftsphereandhardspheremodels,which
areusedtocomputetheparticleforcesarediscussed.Finaly,theparticletracking
strategyusedinMultiFlow ispresented.
2.4.1 Particleforces
Thegeneralequationofmotionofaparticle(inthiscaseeitherasolidparticle,
bubbleordroplet)isdescribedbytheBasset-Boussinesq-Oseen(BBO)equation
(Croweetal.,1998).TheBBOequationisspeciﬁedas
mpdvp,idt =FTOT,i (2.13)
whereFTOT,i=FD,i+FP,i+FVM,i+FG,i+FBA,i+FTL,i+FEXT,i. Thevarious
termsarelistedinTable2.2. ThedescriptionfortheforcesinTable2.2iswel
Table2.2:Termsofrighthandsideofequation(2.13).
Term ForceType
FD,i Steady-statedragforce
FP,i Forcefromﬂuid-stresses
FVM,i Addedmassforce
FG,i Gravityforce
FBA,i Historyeﬀectforces
FTL,i Liftforce
FEXT,i Externalbodyandinteractionforces
documentedinCroweetal.(1998).Itisworthwhilementioningthatforparticle-
ladenﬂows,whereρf/ρp≤10−3,severalforcetermsinequation(2.13)arenegligible
(Croweetal.,1996);namelyFP,i,FVM,i,FBA,iandFTL,i.Vreman(2007)showsthat
eventhoughtheliftforcemayslightlymodifytheparticleconcentration,especialy
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nearthewal,theturbulencequantitiesarenotsigniﬁcantlyaﬀectedbyignoring
thisterm(i.e.turbulenceisnotsuppressed). Moreover,Vreman(2007)showsthat
theparticlestatisticsarenotsigniﬁcantlymodiﬁed.Hence,Newton’s2ndlawfora
particleinagassimpliﬁesto
mpdvp,idt =β
Vp
αpvf@p,i−vp,i+mpgi+Fpw,i+Fpp,i (2.14)
wherempisthemassoftheparticle,vf@p,iistheundisturbedﬂuidvelocityat
theparticletrajectory,vp,iistheparticletranslationalvelocityandβisthedrag
functionasproposedby WenandYu(1966),wherethereciprocaloftheEulerian
ﬂuid-particletimescaleisgivenby
β=34CD
αpαfρfvf@p,i−vp,i
dp α
−2.65
f (2.15)
whereCDrepresentsthedragcoeﬃcientforanindividualparticleandαfistheﬂuid
volumefraction.Therighthandsidetermsofequation(2.14)areoutlinedinTable
2.3andthecoeﬃcientofdrag,CD,isdeﬁnedas(Rowe,1961)
CD=


24 1+0.15(1−αp)Rep
0.687
Rep(1−αp) if(1−αp)Rep<1000
0.44 if(1−αp)Rep≥1000
(2.16)
Table2.3:Termsofrighthandsideofequation(2.14).
Term ForceType
βVpαp vf@p,i−vp,i Dragforce(FD,i)mpgi Bodyforceduetogravity(FG,i)
Fpw,i Particle-walcontactforce(FEXT,i)
Fpp,i Particle-particlecontactforce(FEXT,i)
2.4.2 Particletracking
ModelingtheparticlemotionintheLagrangianframeworkinvolvestrackingthe
propertiesofindividualparticlesandtheﬂuidpropertiesattheparticle’slocation.
MultiFlow achievesthisbycreatingaparticlemesh.Thismeshisisotropicand
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homogeneousinal Cartesiandirectionsandcompletelyoverlapswiththecorre-
spondingﬂuidmesh,seeFigure2.2.Theparticlegridspacingisdirectlyproportional
tothemeanparticlediameter(constantCinFigure2.2,wheredpistheparticle
diameter).Theparticlemeshisusedtodeterminetheinterpolationpropertiesfrom
theﬂuidphasetotheparticlephase,aswelastoenablecolision-neighbourﬁnding
lists.
Figure2.2:2Dvisualisationofindividualparticleandﬂuidmeshes
Theﬂuideﬀectsontheparticlesaremodeledusingequation2.14. Notethatthe
ﬂuidvelocityinequation2.14representstheundisturbedﬂuidvelocityattheparti-
cle’scentrealongitstrajectory.Strictlyspeakingthisvelocitydoesnotexistbecause
oftheparticle’spresenceatthatpoint.Inthepoint-particleapproach,theﬂuidve-
locityatthelocationoftheparticleissimplyfoundbyinterpolation.Notethatthe
ﬂuidvelocityisintheEulerianframeworkandtheparticlesareintheLagrangian
framework. Therefore,itisrequiredtotransformtheEulerianﬂuidpropertiesto
Lagrangianattheparticle’scentrebyaninterpolationtechnique.Inthiswork,
splineinterpolationhasbeenusedtointerpolatetheﬂuidpropertiesfromtheﬂuid
meshtotheparticlemesh. YeungandPope(1988)performastudyontheinter-
polationschemesinhomogeneousturbulenceandreportthatspline(orthirdorder
Lagrangianpolynomial)interpolationhastheleasteﬀect(orminimumerror)on
theﬂuidenergyspectrum.BalachandarandMaxey(1989)investigatetheeﬀectof
interpolationmethodsonone-particleandtwo-particledispersioninhomogeneous
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turbulence. Theyalsoreportthatsplineinterpolationoﬀersthehighestaccuracy
andleastcomputationaltimewhencomparedtoothermethods,whichisimportant
fortwo-particledispersion(orcoagulation).Therefore,cubicsplinesareusedinthis
worktodeterminevf@p,jfromtheEulerianvelocityﬁeld.
Theparticleeﬀectsareincludedintheﬂuidmomentumequation(equation2.9)
asasourcetermapproximatedbythedragfunctionof WenandYu(1966)(equa-
tion2.15).Fortwo-waycoupling,theLagrangianparticlepropertiesmustbetrans-
formedtoEulerianbecausealpropertiesmustbecontinuous(FanandZhu,1998).
Interpolationfromtheparticlecentrestotheparticlemesh(andconsequentlyto
theﬂuidmesh)isperformedonthebasisofvolumetricweighting.Thisisbecause
oneparticlecel mighthaveseveralparticlesand/orseveralfractionsofparticles
andthisleadstodiﬀerentweightingofeachparticlewithineachparticlecel.The
contributionofeachparticletotheparticlemesh(andvice-versa)isdeterminedby
thefractionofthevolumeoftheparticlepresentineachparticleceland,conse-
quently,ineachﬂuidcel.Therefore,thetwo-waycouplingisthetotalcontribution
ofalparticlesandfractionsofparticlesintheﬂuidcel. Themodelhastwodis-
tincttimesteps,correspondingtotheparticleandtheﬂuid.Thetwo-waycoupling
termisdeterminedateveryparticletimestepwhichisalwayssmalerthantheﬂuid
timestep(inthisworkitistypicaly10timessmaler).Thus,thetotalcontribution
ofthetwo-waycouplingtermattheﬂuidtimestepisupdatedbythecumulative
contributionateachparticletimestep. Whencolisionsareneglected,theparti-
cletimestepissettoasmalandﬁxedvalue,soitismuchsmalerthantheﬂuid
timestep. Loth(2000)discussestheassumptionsrequiredforthisapproachand
Eaton(2009)discussestherelevantdiﬃcultiesofthepoint-massapproach. The
mainassumptionofthepoint-particleapproachisthattheparticlediametermust
besmalerthantheKolmogorovmicro-scale(ηκ)andsmalerthanthegridsize.
BagchiandBalachandar(2003)investigatetheeﬀectofturbulenceonthedragand
liftofaparticleviaDNSofanisotropicﬁeld.Theyreportthatwhentheparticle
diameteriswithintherange1.5ηκ<dp<10ηκ,thedraglawisaccuratelypredicted.
Moreover,Vremanetal.(2009)mentionsthatthedragforceactingontheparticles
isreasonablypredictedwhendp<4ηκ.
Theparticlesourcetermshaveadiﬀerentimpactontheﬂowsinceinterpolation
isalsoperformedbetweentheparticles(theircentres)andtheparticlemesh.Tri-
linearinterpolationisusedtointerpolatepropertiesfromtheverticesoftheparticle
meshtotheparticlecentres.Theparticlemeshalsoenablestheeﬃcienttrackingof
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inter-particleandparticle-walcolisionpairs(orfour-waycoupling).Aditionaly,
thismeshsigniﬁcantlyreducesthesearchofpossiblecolisionpairsandhencethe
computationalrun-time.
2.4.3Inter-particleandparticle-walinteractions
Theinteractionsofparticleswithotherparticlesandwalsaredynamicalinnature.
Thisisbecausetheparticlemovementsareessentialydeﬁnedbytheparticle-particle
interactions,particle-walinteractions,particle-ﬂuidinteractionsand/orbodyforces
(Kuangetal.,2008).Inthisworktheparticleforcesarisingfromcolisionsarecom-
putedeitherfromthesoftspheremodelorthehardspheremodel.
Themajordistinctionbetweenthesoftsphereandhardspheremodelsisthatthe
softspherecolisionsarefulyresolved.Thedeformationofparticlesundergoinga
colisionisapproximatedandtheresultingrepelentforcesaredetermined.Inorder
tocorrectlycapturethecolisionsaverysmalintegrationtimestep,muchsmaler
thantheﬂuidtimestep,isused. Thisisbecausethesoftspheremodelcomputes
theactualdeformationoftheparticlesandthecorrespondingcontactforceswhich
dependonthecontacttimeofthecolision. Ontheotherhand,thehardsphere
algorithmapproximatesthecolisionsasinstantaneousandbinary. Colisionsare
treatedbyevaluatingthepotentialcolisiontimebetweeneachpair.Therefore,this
frameworkisso-caledevent-driven.Thehardspherecolisionsareresolvedbysat-
isfyingtheconservationofmomentumandenergyandonlydependontherelative
motionofeachparticle.Hence,theoperationofthehardspherealgorithmissignif-
icantlylesscomputationalyintensivecomparedtothesoftspherealgorithmwhen
colisionscanbeassumedbinaryandinstantaneous,suchasinfastﬂowingdilute
ﬂows.
Inaddition,inlargescalesimulationsinvolvingalargenumberofparticles,thesoft
sphereapproachiscomputationalymoreintensivecomparedtothehardsphere
modelbecausethecolisionofeachparticleisfulyresolved.Ontheotherhand,the
softspheremodelpotentialyhasahigheraccuracyasnoempiricaldata,besidesthe
materialproperties,arerequiredtocomputethecolisions. Moreover,thecolisions
donotneedtobebinary.
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2.4.3.1Softsphere model
ThesoftspheremodelwasﬁrstproposedbyCundalandStrack(1979)anditis
basedonthevisco-elastictheoryofthesolidmaterial,(seeJohnsonetal.,1990).As
aresult,thismodelusesanon-linearspring-dashpot-sliderarrangementtodescribe
theparticlebehaviourduringacolision(seeFigure2.3).Thesoftspheremodeltakes
intoaccounttheactualdeformationoftheparticles,sinceittreatstheparticlesas
elastic,orsoftspheres.Adampingcoeﬃcient,describedbyTsujietal.(1992)and
Tsuji(1993)isusedtorepresentthevisco-elasticnatureofthematerial.Thisleads
toacoeﬃcientofrestitutionwhichdependsontheactualimpactvelocityofthe
particlesandislessthanunity.
SliderDash−pot
Spring
Dash−pot
Slider
Spring
Tangential forces
Normal forces
Figure2.3:Theﬁgureilustratestheapproximationofthenormalandtangential
contactforcescomputedbythesoftspheremodel.Thespringrepresents
thematerialstiﬀnsess,thedash-potrepresentsthevisco-elasticdamping
coeﬃcientandthesliderrepresentsthecoeﬃcientoffriction.
Tsujimodel ThemodelisbasedonthetheoryofMindlinandDeresiewicz(1953).
Thenormalandtangentialcontactforcesaregivenbythesumofforcesdueto
thespringanddashpot.FromHertziancontacttheorycombinedwithvisco-elastic
dampingthenormalandtangentialcontactforcesare
Fn,i=−knδ32ni−ηnqn,i (2.17)
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Ft,i=


−ktδt,i−ηtqt,i ifsticking(|Ft,i|<µ|Fn,i|)
−µ|Fn,i|qt,i|qt,i| ifsliding(Ft,i|≥µ|Fn,i|)
(2.18)
Thesubscriptsnandtrepresenttheunitnormalandunittangentialcomponents
respectivelyandδisthedisplacement,oroverlap,ofparticlesp1andp2during
colision.Thevectorsniandqirepresentthenormalvectorandtherelativevelocity
vector. Theparameterδtrepresentsthetotaltangentialdisplacementdetermined
bythecumulativetangentialdisplacementsmappedontothecurrentcolisionplane.
Threeparametersarerequiredbythesoftspheremodel;materialstiﬀness(k),visco-
elasticdampingcoeﬃcient(η)andthecoeﬃcientoffriction(µ).Thestiﬀnessand
dampingcoeﬃcientsarerelatedtotheappropriatedisplacementsas
ηn=α Mknδ14 (2.19)
ηt=α Mkt|δt|14 (2.20)
whereM = mp1mp2mp1+mp2.Notethatforwalcolisionsmw→ ∞,henceM =mp1.Therelationshipbetweenthecoeﬃcientofrestitutioneandtheparameterαisdeﬁned
inTsujietal.(1992).Theparameterαisnon-linearlyrelatedtoe,whichmakesit
independentofmass,Young’smodulus,Poissonratioandthecoeﬃcientoffriction.
Thespringconstantsare,basedupontheelasticdeformation
kn=43
1−σ2p1
Ep1 +
1−σ2p2
Ep2
−1 rp1+rp2
rp1rp2
−12 (2.21)
kt=8 2−σp1Gp1 +
2−σp2
Gp2
−1 rp1+rp2
rp1rp2
−12δ12 (2.22)
whererpistheradiusoftheparticle,σthePoisson’sratio,EtheYoung’smodulus,G
theshearmodulus(givenbyG= E2(1+σ))andδnthemagnitudeofthedeformation
inthenormaldirection. Whenaparticlecolideswithawal,rw → ∞,hence,
rp1+rwrp1rw = 1rp1.
Integrationoftheequationsofmotion TheVerletschemeisusedtointegrate
theequationofmotionforaparticleinordertoobtainthepositionandvelocity
vectorsafteracolision(AlenandTildesley,1989).Thepositionvectorisupdated
by
xp,i(t+∆t)=2xp,i(t)−xp,i(t−∆t)+∆t2Fp,i(t)mp +O(∆t
4) (2.23)
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whereFp,i(t)=Fn,i(t)+Ft,i(t).Thevelocityvectoroftheparticlesisobtainedvia
vp,i(t)=xp,i(t+∆t)−xp,i(t−∆t)2∆t +O(∆t
2) (2.24)
Notethattheerrorofequation(2.24)issecond-orderwithrespecttotime.However,
itisirrelevantbecausetheparticletrajectoriesarecomputedusingequation(2.23)
only,whichdoesnotdependonthevelocity.
2.4.3.2 Hardsphere model
Inthehardspheremodel,ﬁrstproposedbyMawetal.(1976)andfurtherdeveloped
byLouge(1994),thepost-colisionallinearandangularvelocitiesaredeterminedby
consideringthechangeinmomentumofaparticleduetoacolision.Thetangential
andnormalchangeinmomentumareconsideredindividualyandareusedtodeter-
minethelinearandangularvelocitiesofacolision.Asopposedtothesoftsphere
model,thecolisionsareconsideredinstantaneousandbinaryandthedeformation
ofthespheresisnotdetermined(i.e.thereisnooverlapduringacolision). The
dissipationofenergyarisesfromthecoeﬃcientsofnormalandtangentialrestitution
aswelasthecoeﬃcientoffriction.
Colisiontime Colisionpairsaredeterminedviatheparticles’positionandve-
locityvectors. Beforeperformingtheactualcolisionaminimumelapsedcolision
time,tcol,isrequired.Theexpressionforapproximatingtcol(weldescribedbyAlen
andTildesley,1989)canbeapproximatedby
xp1,i+vp1,itcol − xp2,i+vp2,itcol =12dp1+dp2 (2.25)
wheretheaccelerationoftheparticlesisneglected,asthisresultsinafourthorder
polynomialequation.Hencetcolisgivenbythesolutionofequation2.25,whichis
aquadraticequation
tcol=α±
√β
γ (2.26)
whereα,βandγare
α=−xprel,ivprel,jδij (2.27)
β=(xprel,ivprel,jδij)2−(vprel,ivprel,jδij)(xprel,ixprel,jδij−14(dp1+dp2)
2) (2.28)
γ=vprel,ivprel,jδij (2.29)
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wherethesubscriptrelreferstotherelativevector(eitherpositionorvelocity)of
particlesp1andp2.Notethatundercertaincriteria(aslistedbelow)thecolision
pairisrejected
•ifα>0theparticlesaremovingawayfromeachother
•ifβ<0,tcoliscomplex,whichisunphysical
Otherwise,thesolutionfortcolrepresentstheactualcolisiontimeinwhichthetwo
consideredparticleswilcolide.Asalreadymentioned,theelapsedcolisiontimeis
approximatebecauseequation2.25doesnottakeintoaccounttheaccelerationof
theparticles.Thismayresultinaninaccuracyinthepositionoftheparticles,which
canresultinwrongpost-colisionalanglesandvelocitiesandinextremesituations
particlesmaysticktogether.Thecolisiontime,therefore,iscorrectedbydetermin-
ingtheexactrelativepositionandvelocityvectorspriortoperformingtheactual
colision.Thisprocedurerequiredthedeterminationofanoverlaptimebetweena
pairwhichisusedtocorrecttherelativevelocityandpositionvectorsofthepair.
Post-colisionallinearandangularvelocities Themethodologyofthehard
spheremodelandequationsarederivedinvan Wachemetal.(2001). Thepost-
colisionallinearandangularvelocitiesaredeterminedby
vp1,i=vop1,i+
Ji
mp1 (2.30)
vp2,i=vop2,i−
Ji
mp2 (2.31)
ωp1,i=ωop1,i−
dp1
2
ǫijkJjnk
Ip1 (2.32)
ωp2,i=ωop2,i−
dp2
2
ǫijkJjnk
Ip2 (2.33)
wheresuperscriptoreferstothecorrespondingpre-colisionalquantityandvariables
withoutasuperscriptdenotepost-colisionvalues.Additionaly,vp,iistheparticle
velocityvector,ωp,iistheangularparticlevelocity,Ipistheparticleinertia,mpis
themassofaparticleandJirepresentsthetotalexchangeofmomentumduring
thecolisioninthethreecartesiandirections.Jicanbesplitinthenormaland
tangentialdirectionsas
Ji= Jinjδijni+ Jitjδijti (2.34)
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wherethein-productsJinjδijandJitjδijaregivenbelow.Thenormalcoeﬃcientof
restitution,e,isdeﬁnedas
niqjδij=−eniqojδij (2.35)
whereqjistherelativevelocityvectorofthepointofcontact,deﬁnedas
qi=(vp1,i−vp2,i)−12ǫijk(dp1ωp1,j+dp2ωp2,j)nk (2.36)
Thenormalexchangeofmomentumis
Jinjδij=−(1+e)|qn,i|mp1mp2mp1+mp2 (2.37)
Incolisionsthatinvolvesliding,theconditionisgivenbyγ<γo;wherecot(γ)=
|qn,i|
|ǫijkqjnk|andcot(γo)=−2(1+ψ)7(1+e)µandγistheanglebetweenqiandni. Hencethe
tangentialimpulsegivenbyslidingis
Jitjδij=µJinjδij (2.38)
whichassumesthatslidingisgovernedbyCoulomb’sLaw,expressedintermsof
thecoeﬃcientoffrictionµ. Asslidingstops(γ≥γo),atangentialcoeﬃcientof
restitutionψisused,whichisdeﬁnedas
ǫijknjqk=−ψǫijknjqok (2.39)
Suchcolisionsaretermedasstickingandhencethetangentialimpulseisgivenas
Jitjδij=−27(1+ψ)|qn,i|
mp1mp2
mp1+mp2 (2.40)
whereψisthetangentialcoeﬃcientofrestitution.Notethatahardspherecolision
iseitherfulystickingorsliding,whereasinthesoftspheremodelthecolisioncan
changefromstickingtosliding.
Integrationofequationsof motion Theequationofmotionofaparticleis
integratedusingTaylor’sexpansion
xp,i(t+∆t)=xp,i(t)+∆tvp,i(t)+(∆t)2ap,i(t)+O(∆t)3 (2.41)
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whereap,irepresentsthebodyforcesactingonthesphere. Thevelocityofthe
particleisdeterminedinthesameway,i.e.
vp,i(t+∆t)=vp,i(t)+∆tap,i(t)+O(∆t)2 (2.42)
2.5Summaryandconclusions
Thischapterprovidesthebackgroundandthemainmodelingtools,thatareused
throughoutthiswork,forboththeﬂuidandparticlephases.Importantparameters
ofmultiphaseﬂowssuchastheparticlevolumefractionandtheinter-particledis-
tancearediscussed.Additionaly,theStokesnumberisdeﬁnedandthediﬀerences
betweenthetrajectoriesofﬂuid-tracersandsolidparticlesfordiﬀerentStnum-
bersareschematicalypresented.Themathematicalmodelingoftheﬂuidphaseis
thendescribed.Themasscontinuityandmomentumequations,whicharesolvedin
theEulerianframework,oftheﬂuidphasearepresented. Moreover,thePSI-Cel
methodofCroweetal.(1977)whichdeterminesthemomentumexchangebetween
theparticlesandtheﬂuid,isalsodescribed.
Themodelingoftheparticlephaseis,ﬁnaly,discussed.Theparticlesaretreated
aspoint-sourcesandtheirindividualequationsofmotionaresolvedintheLa-
grangianframework.Thesimpliﬁedequationofmotionofasolidparticleandthe
dragfunctionof WenandYu(1966)thatareusedthroughoutthisworkarede-
scribed. Moreover,abriefexplanationofhowparticletrackingisperformedin
MultiFlow isgiven.Furthermore,theassumptionsofthepoint-sourceapproach
andhowtheinterpolationofquantitiesfromtheparticlestotheﬂuidandvise-versa
areperformedinMultiFlowarediscussed.Thecomputationofforcesarisingfrom
eitherparticle-particleorparticle-walcolisionsandtheintegrationofequationof
motionofparticlesarepresentedinthecontextoftwomodels:thesoftsphereand
thehardspheremodels.
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3 HomogeneousIsotropic
Turbulence
Abstract
Inthischaptercommonlyusedforcingschemesthatgeneratehomogeneousand
isotropicﬁeldsarediscussed. Anewalternativeforcingschemeisproposedand
testedbyperformingaseriesofDirectNumericalSimulations(DNS).Thebeneﬁt
ofthisforcingscheme,asopposedtospectralforcingschemes,iscomputationalef-
ﬁciencyandeasierimplementation.Itisshownthatthisforcingschemegenerates
homogeneousandisotropicturbulenceforaltriggeredwavenumbers. Whenforcing
modesareofthesameorderasthephysicaldomain,anisotropicandinhomogeneous
turbulenceisgenerated.Furthermore,theimportanceofwindowfunctionsandpe-
riodicityontheshapeofthevelocityautocorrelationisexamined.Ononehand,to
obtainthecorrectautocorrelationshapefornon-periodicsignalsthewindowmust
beremoved.Ontheotherhand,duetoperiodicitythewindoweﬀectisnotpresent
andinthiscase,itiserroneoustoremoveit.
Partsofthischapterhavebeenpresentedin:
G. Malouppas,B.G. M.van Wachem,and W.K.George. AlternativeForcing
forHomogeneousIsotropicTurbulenceinRealSpace.In64thAnnual Meetingof
theAPSDivisionofFluidDynamics,Baltimore,USA,20-22November,2011.
3.1Introduction
HomogeneousIsotropicTurbulence(HIT)providesuswiththeuniqueopportunity
tostudyturbulenceintheabsenceofboundaryconditionsandmeangradients.HIT
isavaluabletoolbecauseitenablesustoisolateand,thereforestudy,speciﬁcaspects
ofaturbulentﬂow.Inaddition,itcanbeusedinthedevelopmentofmodelswhich
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wilcorrectlypredictthestatisticalcharacteristicsofturbulence.Itisimportantto
notethatHITcannotbefoundnaturalyanditisevenverydiﬃculttoobtainin
experiments. Neverthelesstherehavebeensuccessfulexperimentssuchastheone
performedbyComte-BelotandCorrsin(1971)viatheuseofstaticgrids. Onthe
otherhand,itisveryeasytoobtainHITincomputersimulationsandithasbeen
asubjectofstudyforoverthreedecades.
Ahomogeneousandisotropicﬁeldcanbeeasilygeneratedfromanygivenmodel
spectrum.Thisspectrumimposesagivenamountofturbulencekineticenergytothe
ﬁeld.Duetotheactionofviscosity,turbulencewildecayandeventualydieaway.
EventhoughweareinterestedindecayingHIT,itismoreusefultogeneratestatis-
ticsthatarestationaryaswel. Hence,aspecialtypeofforcingmustbeimposed
ontheNavier-Stokesequationsthatwilpreventturbulencefromdecaying.Oneof
theﬁrstattemptsofsimulatingHITusingDirectNumericalSimulations(DNS)is
theworkofOrszagandPatterson(1972),whosolvedtheNavier-Stokesequations
inFourierspace.Sincethen,manystudieshavefolowedthisapproach;i.e.via
theuseofpseudo-spectralcodes.EswaranandPope(1988)proposedastochastic
typeofforcinginordertoproduceastationary,homogeneousandisotropicﬁeld.
OneoftheadvantagesoﬀeredbysimulatingHITinFourierspaceisthehighaccu-
racyinsolvingtheNavier-Stokesequations,inparticularwhendeterminingspatial
derivatives(GottliebandOrzag,1977). Forcodesimplementedinphysicalspace
quantities,suchasvelocity,arenotavailableinFourierspace,andthereforemust
betransformed(andinversetransformed).Thisiscomputationalyveryexpensive
andnotstraightforwardtoimplement,especialyinparalelisedcodes. Lundgren
(2003)proposesaforcingschemesuitableforcodeswhichsolvetheNavier-Stokes
equationsdirectlyinphysicalspace,hence,removingtheneedofFouriertrans-
formingquantities.RosalesandMeneveau(2005)comparedbothimplementations
andreportedthatbothmethodsprovidethesameresultsinsingle-phaseturbulence.
ThischapterbrieﬂydiscussestheLinearForcingschemeofLundgren(2003)and
theSpectralForcingschemeofEswaranandPope(1988). Analternativeforcing
schemeisalsoproposedandtested.Inparticular,DNSareperformedina1283
periodicboxattwoTaylorReynoldsnumbers,namelyReλ=35.4andReλ=58.0.
Theﬂowﬁeldsaretestedforhomogeneityandisotropyundervariousinitialcondi-
tions.Thisschemeproducesaﬁeldthatisindeedhomogeneousandisotropicboth
attheglobalandlocallevels.Finaly,theeﬀectsofperiodicityandwindowfunc-
tionsonthespatialvelocityautocorrelationsareexaminedbyperformingadditional
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simulationsina2563periodiccubicboxatReλ=35.4.
3.2 Thespectralandlinearforcingschemes
Itisworthwhilementioningthatintheliteraturethereareanumberofproposed
forcingschemes,especialyinFourierspace(examplesareSiggiaandPatterson,
1978;Siggia,1981).SiggiaandPatterson(1978)pickedlowwavenumberFourier
modesfromaspectrumandkeepthemconstant,andasaresultthatpartofthe
spectrumremains“frozen”(seeEswaranandPope,1988).Siggia(1981)forcedlow
wavenumbersthatareoutsideofthesimulatedphysicaldomain.
3.2.1Spectralforcingscheme
EswaranandPope(1988)solvedtheNavier-Stokesequations,whichareexpressedin
Fourierspace,byusingthepseudo-spectralcodedevelopedbyRogalo(1981).The
keyideaofthisforcingschemeistokeepthetotaldissipationoftheﬂuidconstant
sincethecontrolingparametersoftheschemearetheﬂuiddissipationandintegral
timescale(EswaranandPope,1988).TheNavier-StokesequationsinFourierspace
are ∂ˆvi(κi,t)
∂t =ˆai(κi,t)+ˆa
Fi(κi,t) (3.1)
wherevˆi(κi,t)denotesvelocityinFourierspace,aˆi(κi,t)containsproductsofthe
velocityandspatialderivatives(formoredetailsseeRogalo,1981;Eswaranand
Pope,1988)andˆaFi(κi,t)isthespectralforcingterm.EswaranandPope(1988)used
independentUhlenbeck-Ornstein(stochastic)processestoformacomplexvector
ﬁelddenotedasˆbi(κi,t)
bˆni(κi,t)=1− ∆tTf,L bˆ
oi(κi,t)+ 2σ
2f
Tf,LdWi. (3.2)
wheresuperscriptsoandndenoteoldandnewquantities.Sixindependentprocesses
areneededbecausebˆi(κi,t)isathree-dimensionalvectorwithrealandcomplex
parts.Inequation3.2,∆tisthetimestepoftheturbulence,Tf,ListheLagrangian
integraltimescaleofturbulence,σ2fisthevarianceoftheturbulenceanddWiisa
randomGaussiannumberwithdistributionN(0,1).Notethattheintensityofthe
randomcontribution 2σ2f/Tf,Lessentialydeﬁnestheﬂuiddissipation.aˆi(κi,t)is
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computedfromˆbi(κi,t)bysatisfyingcontinuity,whichisgiveninFourierspaceas
aˆFi(κi,t)=ˆbi(κi,t)−κiκjˆbj(κj,t)κjκj . (3.3)
Forcingisperformedby“picking”certainlowwavenumbermodesthatarecontained
inasphereofaparticularradius.Theyperformedtestcasesfortwosetsofradi,
namely0≤κ≤√2κoand0≤κ≤2√2κowhereκo=2π/Lbox,andreportedthat
theturbulencegeneratedwashomogeneousandisotropictowithinstatisticalerror.
3.2.2Linearforcingscheme
Lundgren(2003)madeuseoftheturbulentkineticenergyequationandproposed
aforcingtermwhichkeepstheratiooftheﬂuiddissipationratetotheturbulent
kineticenergyconstant.Thisforcingtermis,therefore,directlyproportionaltothe
ﬂuidvelocity. Forhomogeneousandisotropicturbulencethesourceterminthe
momentumequationasproposedbyLundgren(2003)isgivenby
S=ǫfq2f (3.4)
whereǫfistheﬂuiddissipationrateandq2fistheturbulentkineticenergy.It
isimportanttonotethatthistypeofforcing,asopposedtothespectralforcing
schemeofEswaranandPope(1988),triggersalthewavenumber modesofthe
energyspectrum.Hence,energyisintroducedintoal wavenumbers.
3.3 Alternativeforcinginrealspace
Linearforcingbalancestheﬂuiddissipationwiththeturbulentkineticenergyand
thisisaddedasasourceterm;SinEquation2.9.Inthissectionanalternative
forcingisproposedwhichisaddedasasourcetermTj,insteadofS,inEquation2.9.
Thissourcetermisgivenas
Tj= 1∆t
q2f,wanted− q2f,computed
q2f,wanted
vj,triggered (3.5)
where∆tisthetimestepoftheturbulence, q2f,wantedistherequiredturbulence
kineticenergyandq2f,computedisthecomputedturbulentkineticenergy. Theaim
ofthisschemeistosustaintheturbulentkineticenergybyreplenishingtheenergy
50
Chapter3:HomogeneousIsotropicTurbulence
lostduetodissipation.vi,triggeredisavelocityﬁeldgeneratedfromagivenspectrum
anditisnotobtainedfromthesolutionoftheNavier-Stokesequations.Speciﬁcaly,
itissynthesisedfromamodelspectrumsampledfrompseudo-wavenumbervectors,
whichalsosatisfycontinuity.ThemethodisadoptedfromKraichnan(1970),how-
ever,itismodiﬁedinordertotriggerspeciﬁcwavenumbermodesandtochoose
diﬀerentmodelspectrafortheinitialconditions(e.g.thevon-Karmanspectrum,
thePassot-Pouquetspectrum).
Therandomﬂuctuations,vtriggeredf,j ,canberepresentedindiscreteFourierrepre-
sentation(OrszagandPatterson,1972)
vtriggeredf,j =2
N
n=1
(ˆuncosκnixi+ψn)σnj (3.6)
wherenisthemodenumber(notethatnarechosentotriggerspeciﬁcwavenumber
modes),Nisthetotalnumberofmodes,uˆnistheamplitudeoftheﬂuctuationsat
eachmode,whichisdeterminedfromthemodelspectrum(i.e.uˆ= E(κn)∆κ),
ψnisthephaseofeachwavenumbermode,whichisobtainedrandomly(therange
is0≤ψn≤2π)andσnjisthedirectionofeachmode,κniarerandomwavenumber
vectorsinthethreeorthogonaldirections. Theaimofthisschemeistosustain
theturbulencekineticenergybyreplenishingtheenergylostfromanydissipation
mechanismbyonlyforcingaspeciﬁedsetofwavenumbers.Atimecorrelationsim-
ilartotheﬂuidintegraltimescaleisusedfortheforcingτF ≈TE,intinorderto
obtainsmoothforcing,whereTE,intistheEulerianintegraltimescale.Inaddition,
theforcingisperformedonlyoverasmalrangeofwavenumbermodestoavoid
largeﬂuctuationsoftheturbulencekineticenergysothatmostwavenumbersare
notaﬀectedbytheforcing. MoredetailsofthemethodcanbefoundinAppendixA.
Asnapshotofvelocityiso-surfacesnearthecharacteristicvelocity(deﬁnedas
u′f= 2q2f/3)ofasimulationisdepictedinFigure3.1. TheﬂowshowninFig-
ure3.1istriggeredatwavelengths200≤κ≤400.Figure3.2ilustratesthedif-
ferencebetweentheone-dimensionalenergyspectrumofasynthesisedvelocityﬁeld
andthatofanactualvelocityﬁeld;theactualﬁeldisobtainedbysolvingthemo-
mentumequation.Itisworthwhilementioningthatthesynthesisedﬁeldisusedas
aninitialﬁeldforthesimulationandafteratransitionalperiodthisﬁelddevelopsto
theactualspectrumshowninFigure3.2.Theﬁgure,also,showsthatthetriggered
modesoftheone-dimensionalspectrumofthesynthesisedvelocityareindeed,in
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Figure3.1:Snapshotofiso-surfacesofcharacteristicvelocity,u′f=6.61×10−2ms−1
atReλ=35.4.
thiscase,inthewavelengthrangeof200≤κ≤400,whereκ=2πn/Lboxwheren
isthewavenumberandLboxisthelengthofthebox.
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Figure3.2: ComparisonofF(1)11 spectraofsynthesisedwithactualvelocityﬁeldattriggeringwavelengths200≤κ≤400atReλ=35.4.
ItshouldbementionedthatDNSwereperformedusingaperiodiccubicbox(more
detailsregardingthesimulationsandconditionsarepresentedinsection3.4).Fig-
ure3.3ilustratestheevolutionofturbulentkineticenergy,ﬂuiddissipationand
forcingovertimeatReλ=58.0. Afteratransitionalperiodthekineticenergy
ofthesimulationremainsrelativelyconstanttothepredeﬁnedturbulencekinetic
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energy.Likerealturbulentﬂows,theﬂuiddissipationhasahighervariabilitycom-
paredtotheturbulentkineticenergy. Mostimportantly,Figure3.3showsthatthe
kineticenergyintroducedintothesystemisarandomprocessbecausethesource
terms(Tj)themselvesarerandom(i.e.vj,triggeredisrandom).
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Figure3.3:Timeevolutionofturbulentkineticenergy,ﬂuiddissipation,andforcing
atReλ=58.0asafunctionofrealtime.
3.4Simulationsandconditions
DNSwereperformedusinga1283anda2563periodiccubicboxandHITwas
sustainedviatheproposedforcingschemegivenbyequation3.5.Fivesimulations
atReλ=35.4withdiﬀerentparameterswereperformedandcomparedwithone
another.Fourdiﬀerenttriggeringrangesarecompared.Theserangesare50≤κ≤
100,100≤κ≤300,200≤κ≤400and400≤κ≤600.Inaddition,twodiﬀerent
modelspectraweretested,namelythevon-KarmanandthePassot-Pouquetspectra,
toevaluatetheeﬀectofdiﬀerentinitialconditions. Moreover,anothersimulationat
ahigherTaylorReynoldsnumber,Reλ=58.0,wasperformed.Tables3.1and3.2
comparetheturbulentﬂowstatisticsobtainedbytriggeringdiﬀerentwavenumber
rangesandTables3.3and3.4comparetheturbulentﬂowstatisticsobtainedat
diﬀerentTaylorReynoldsnumbers,Reλ.Theprimaryobjectiveofthischapteristo
carryouttestsinordertoconﬁrmthehomogeneityandisotropy(oranydeviations
fromthem)oftheturbulence,bothatthelocalandgloballevels,obtainedfromthe
newforcingscheme. Moreover,theeﬀectsofdiﬀerenttriggeringrangesandinitial
modelspectraonthespatialauto-correlations,spectraandcharacteristicscales(e.g.
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Taylorlengthscales)areexamined. Finaly,theeﬀectsofwindowfunctionsand
periodicityonvelocityautocorrelationsandenergyspectraareinvestigated.
Table3.1:Turbulentﬂowstatisticsresultingfromtheproposedforcingschemeusing
diﬀerenttriggeringwavelengths.
Quantity LowRange Intermediate
Range1
Intermediate
Range1
Intermediate
Range2
HighRange
Passot-Pouquet
− 50≤κ≤100 100≤κ≤300 100≤κ≤300 200≤κ≤400 400≤κ≤600
q2f(m2s−2) 0.00564 0.00652 0.00654 0.00648 0.006331
2u21 (m2s−2) 0.00167 0.00217 0.00229 0.00216 0.002111
2u22 (m2s−2) 0.00191 0.00217 0.00214 0.00216 0.002111
2u23 (m2s−2) 0.00206 0.00217 0.00210 0.00216 0.00211u′f(ms−1) 0.06133 0.06594 0.06605 0.06572 0.06494ǫf(m2s−3) 0.00566 0.01575 0.01003 0.03032 0.06787
L111(m) 0.03159 0.01402 0.01993 0.00934 0.00566L122(m) 0.02042 0.00777 0.00954 0.00432 0.00279L133(m) 0.01399 0.00751 0.00874 0.00435 0.00273λ111(m) 0.01928 0.01121 0.01429 0.00802 0.00535λ122(m) 0.01308 0.00799 0.00971 0.00568 0.00381λ133(m) 0.01268 0.00797 0.00976 0.00567 0.00380ηκ(m) 0.00087 0.00067 0.00075 0.00057 0.00047
Tf,E(s) 0.72780 0.23551 0.44391 0.20478 0.17915
τe(s) 0.51508 0.21277 0.30170 0.14217 0.08719
τǫf (s) 0.99758 0.42117 0.65275 0.21366 0.0932τE,λ(s) 0.33554 0.11773 0.26644 0.13833 0.12117
τκ(s) 0.05098 0.03081 0.03829 0.02202 0.01472
3.5 Testsforhomogeneityandisotropy
Homogeneityandisotropyoftheﬂowisexaminedbylookingatthemulti-point
statisticsandvariouslengthandtimescales. Thenamingconventionisadopted
fromGeorge(2010)andthedeﬁnitionsarereproducedbelowforclarity.Twotest
casesareselectedtoverifywhetherthenewforcingschemeproducesandsustains
ahomogeneousandisotropicﬁeld.Thetriggeringwavelengthsofthetwocasesare
50≤κ≤100and200≤κ≤400.
3.5.1 Globalhomogeneityandisotropy
Theglobalhomogeneityofturbulenceistestedbyexaminingthespatialonedimen-
sionalautocorrelations.Thenormalisedonedimensionalcross-correlationisfound
byconsideringtwopointsalongthesamecoordinatedirection;forexamplethe
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Table3.2: Dimensionlessratiosresultingfromtheproposedforcingschemeusing
diﬀerenttriggeringwavelengths.
Quantity LowRange Intermediate
Range1
Intermediate
Range1
Intermediate
Range2
HighRange
Passot-Pouquet
50≤κ≤100 100≤κ≤300 100≤κ≤300 200≤κ≤400 400≤κ≤600
ReL 131.8 62.9 89.5 41.8 25.0
Reλ 54.6 35.8 43.6 25.4 16.8
L111/Lb 0.246 0.110 0.156 0.073 0.044λ122/L111 0.414 0.569 0.487 0.608 0.672ηκ/L111 0.028 0.048 0.038 0.061 0.082ηκ/∆x 0.870 0.673 0.750 0.569 0.465
τǫf/τκ 19.568 13.671 17.048 9.703 6.333τe/τκ 10.104 6.906 7.002 6.457 5.925
Tf,E/τκ 14.276 7.645 11.593 9.300 12.173
τE,λ/τκ 6.582 3.821 6.958 6.283 8.233
L111/Tf,E 0.043 0.060 0.045 0.046 0.032κmaxηκ 2.73 2.11 2.36 1.79 1.48
normalisedcross-correlationindirectionx1fortheviandvjvelocitycomponentsis
B(1)ij(r,t) =B(1)ij(r,0,0,t)
= vi(x1,x2,x3,t)vj(x1+r,x2,x3,t)
v2i(x1,x2,x3,t)v2j(x1,x2,x3,t)
. (3.7)
Hencethenormalisedspatialonedimensionalautocorrelationforv1alongdirection
x1is
B(1)11(r,t)=v1(x1,x2,x3,t)v1(x1+r,x2,x3,t)v21(x1,x2,x3,t) . (3.8)
Figure3.4showsthespatialonedimensionalautocorrelationforv1,v2andv3along
directionx1forthesimulationtriggeredatwavelengths50≤κ≤100.Thetrigger-
ingrangewassimilartothephysicalsizeofthebox,κo=49.0,producingstructures
thatwereofsameorderofmagnitudeasthebox.Theturbulenceproducedisclearly
inhomogeneousatthegloballevelbecausethetwoperpendicularcorrelations,B(1)22
andB(1)33 arenotsimilar.Inaddition,theperpendicularintegrallengthscalesfor
eachdirectionarenotidentical(seeTable3.1),wheretheintegrallengthscaleis
deﬁnedas
L(k)ij =
∞
0
B(k)ij(r)dr. (3.9)
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Table3.3: Turbulentﬂowstatisticsresultingfromtheproposedforcingschemeat
diﬀerentTaylorReynoldsnumbers.
Quantity Reλ=35.4 Reλ=58.0
q2f(m2s−2) 0.00652 0.029631
2u21(m2s−2)
0.00217 0.00988
1
2u22(m2s−2)
0.00217 0.00988
1
2u23(m2s−2)
0.00217 0.00988
u′f(ms−1) 0.06594 0.14054ǫf(m2s−3) 0.01575 0.12593
L111(m) 0.01402 0.01364L122(m) 0.00777 0.00736L133(m) 0.00751 0.00757λ111(m) 0.01121 0.00843λ122(m) 0.00799 0.00607λ133(m) 0.00797 0.00607ηκ(m) 0.00067 0.00040
Tf,E(s) 0.23551 0.13809
τe(s) 0.21277 0.09707
τǫf(s) 0.42117 0.23528τE,λ(s) 0.11773 0.03221
τκ(s) 0.03081 0.01080
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Figure3.4:Two-pointcorrelationsatReλ=35.4triggeredat50≤κ≤100.
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Table3.4: Dimensionlessratiosresultingfromtheproposedforcingschemeatdif-
ferentTaylorReynoldsnumbers.
Quantity Reλ=35.4 Reλ=58.0
ReL 62.9 130.4
L111/Lb 0.110 0.107λ122/L111 0.569 0.540ηκ/L111 0.048 0.029τǫf/τκ 13.671 21.785τe/τκ 6.906 8.990
Tf,E/τκ 7.645 12.119
τE,λ/τκ 3.821 2.982
L111/Tf,E 0.060 0.099κmaxηκ 2.11 1.26
Therelationshipwhicharisesfromcontinuityis
B(1)NN(r)=B(1)LL(r)+12r
dB(1)LL(r)
dr (3.10)
whereNN istheperpendiculardirectionandLLthelongitudinaldirection,also
plottedinFigure3.4.Isotropyisnotsatisﬁedbecausethisrelationship(equa-
tion3.10)doesnotcoincidewithB(1)22(r)andB(1)33(r).Inaddition,theTaylorlength
scales,whicharedeﬁnedas
λ(k)ij = 2
−12d
2B(1)ij
dr2
(3.11)
inthetwoorthogonaldirectionsmusthavearatioof√2,(e.g.λ(1)ii/λ(1)22 =
√2).
Furthermore,theintegrallengthscalesinthetwoorthogonaldirectionsmusthavea
ratioof2(e.g.L(1)11/L(1)22=2).Table3.1clearlyshowsthatthesetworatiosarenot
satisﬁed.Forsingle-pointcorrelations,isotropyimpliesthatv21 = v22 = v23 and
vivj=0 fori=j(seeGeorge,2010);i.e.theturbulencekineticenergyofeach
velocitycomponentmustbethesameandthecross-correlationsmustbezero.This
canbeveriﬁedbyintegratingtheonedimensionalenergyspectrumF(1)ij(κ)(note
thatanydirectioncanbeused)
1
2vivj =
∞
0
F(1)ij(κ)dκ (3.12)
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where
F(1)ij(κ)=
∞
−∞
R(1)ij(r)e−i2πκrdr (3.13)
andR(1)ij(r)isthenon-normalisedonedimensionalcorrelationtensorinthex1di-
rection,deﬁnedas(seeTennekesandLumley,1972;George,2010)
R(1)ij(r)=vi(x1,x2,x3,t)vj(x1+r,x2,x3,t). (3.14)
Table3.1alsoshowsthatthe50.0≤κ≤100.0casedoesnotsatisfyv21 = v22 =
v23,implyingthattheboxisnotbigenough.Therefore,triggeringlowwavenumbers
producesnon-zerocross-correlationsandhencemakestheturbulenceanisotropic.
TennekesandLumley(1972)ilustratedinagraphicalwaythecorrectshapeof
thelongitudinalandtransversespectranearthezerowavenumber.InFigure3.5
theonedimensionallongitudinalandtransverseenergyspectra(F(1)11(κ),F(1)22(κ)
andF(1)33(κ))forthe50.0≤κ≤100.0simulationareplotted.Theshapesnearthe
zerowavenumberdonotagreewiththosegivenbyTennekesandLumley(1972).
Inaddition,theplateauforthetransversespectraisnotformed,implyingthatthe
biggestscalesarenotcorrectlycaptured. Thesizeofthebox,therefore,playsan
importantroleindeterminingthesingle-pointcorrelations,theshapeofthespatial
auto-correlationsandmostimportantlythecorrectshapeoftheonedimensional
energyspectra.
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Figure3.5:One-dimensionalspectraatReλ=35.4triggeredat50.0≤κ≤100.0.
Whenabiggerwavenumberrangeistriggered;i.e. whensmalerstructuresare
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inducedinthebox,thestatisticsarecompletelydiﬀerent.Figures3.6and3.7show
thespatialauto-correlationsandone-dimensionalenergyspectraforasimulation
triggeredat200.0≤κ≤400.0.Thenormalauto-correlationsaswelastherela-
tionshipfromcontinuity(equation3.10)aresatisﬁed.Inaddition,Table3.1shows
thattheratiosfortheintegralandTaylorlengthscalesaresatisﬁed. Moreover,
theturbulencekineticenergyateachdirectionisapproximatelythesame. Most
importantly,thespectralshapesreportedbyTennekesandLumley(1972)havethe
sametrendasthoseshowninFigure3.7.
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Figure3.6:Two-pointcorrelationsatReλ=35.4triggeredat200.0≤κ≤400.0.
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Figure3.7:One-dimensionalspectraatReλ=35.4triggeredat200.0≤κ≤400.0.
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3.5.2Localhomogeneityandisotropy
Localhomogeneityexistswhentheratioofmeansquarestraintomeansquare
vorticity(meanenstrophy)is1/2,inotherwords
sijsij
ωiωi =
1
2 (3.15)
wherethestrainrateisdeﬁnedas
sij=12
∂vi
∂xj+
∂vj
∂xi (3.16)
andvorticityis
ωi=ǫijk∂vk∂xj (3.17)
whereǫijkisthepermutationtensor.Localisotropyexistswhenthevelocityderiva-
tivesarerelatedby(seeGeorge,2010)
∂v1
∂x1
2
= ∂v2∂x2
2
= ∂v3∂x3
2
=12
∂v1
∂x2
2
=12
∂v1
∂x3
2
=12
∂v2
∂x1
2
=12
∂v2
∂x3
2
=12
∂v3
∂x1
2
=12
∂v3
∂x2
2
=−2 ∂v1∂x2
∂v2
∂x1 =−2
∂v2
∂x3
∂v3
∂x2 =−2
∂v1
∂x3
∂v3
∂x1
(3.18)
Theresultsofthesetestsarenotpresented,however,foralthesimulationscarried
out,thederivativerelationsforlocalhomogeneityandisotropyaresatisﬁed,even
forthelowwavenumberforcing.
3.5.3Fluid-particlebehaviourinsinglephaseturbulence
TheprevioussectionhasshownthattheEulerianpropertiesarehomogeneousand
isotropicforsometypesofforcing.ThissectionexaminesthebehaviouroftheLa-
grangianstatisticsandevaluateswhetherthemeansquaredisplacementandprob-
abilitydensityfunctionsofdisplacementofnotional(orﬂuid)particlesarecorrect.
Fluid-particles(aboutNfp=22,000)wereaddedintothesinglephasesimulations
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andtheirpositionandvelocityweretrackeddownforaboutt=2s.Accordingtothe
analysisofHinze(1975),whichisnotrepeatedhere,themeansquaredisplacement,
∆y2f(t),forshortdiﬀusiontimes(t≤τf,L),shouldbehaveas
∆y2f(t)= v2ft2 (3.19)
becausethenormalisedLagrangianvelocityautocorrelationfunctionCL(τ)≈1.For
shortdiﬀusiontimes(i.e.t≤τf,λ)thenormalisedautocorrelationis
CL(τ)=1− τ
2
τ2f,λ (3.20)
asshownbyHinze(1975),themeansquaredisplacementis
∆y2f(t)= v2ft2 1−t2/(6τ2f,λ). (3.21)
Forlongdiﬀusiontimes,themeansquaredisplacementis(t≫Tf,L)
∆y2f(t)=2v2ftTf,L (3.22)
becausethenormalisedLagrangianautocorrelationfunctionCL(τ)≈0. However,
forintermediatediﬀusiontimes(i.e.t>Tf,L),themeansquaredisplacementofthe
ﬂuidparticlesshouldbehaveas(Pope,2000)
∆y2f(t)=2v2fTf,Lt−Tf,L 1−exp(−t/Tf,L) (3.23)
becausethenormalisedLagrangianautocorrelationfunctionCL(τ)≈exp[−|τ|/Tf,L].
Altheserelationshipsarecomparedwiththeactualcomputationof ∆y2f(t),i.e.
∆y2f(t)= 1Nfp
Nfp
(x+f,i(t)−x+f,i(0))2 (3.24)
andthetheoreticalintegralequation,whichisderivedbyHinze(1975)
∆y2f(t)=2v2f
t
0
(t−τ)CL(τ)dτ (3.25)
asshowninFigure3.8.Anydeviationsofthedirectcomputationof∆y2f(t)from
equation3.25providesanindicationoftheperformanceoftheinterpolationscheme
andwhethertheﬂowishomogenousandisotropicintheLagrangianframework.
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Equation3.24alsoindicatesthatthedisplacement(ordispersion)oftheﬂuid-
particlesagreewiththeaforementionedanalyticalexpressions.Inaddition,equa-
tion3.25indicatesthatthevelocityoftheﬂuidparticlesagreeswiththeanalytical
expressionsasitisbasedonthevelocityautocorrelation.
FordiﬀusiontimessmalerthantheTaylortimescale,thedirectcomputationof
∆y2f(t)andequation3.25areinverygoodagreementwiththeanalyticalexpres-
sionsgivenbyequation3.19andequation3.21. Eventhoughnotvisibleinthe
ﬁgure,equation3.21remainsatthesamevaluesof∆y2f(t)untilt=τf,λ,whereas
equation3.19deviatesmuchsooner.Forintermediateandlongdiﬀusiontimes,the
meansquareddisplacementisinverygoodagreementwithbothanalyticsolutions.
ThisindicatesthatcubicsplinesareanappropriateinterpolationschemeforHIT
withparticles,whichisinagreementwiththeworksofEswaranandPope(1988)
andYeungandPope(1988).
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2v2fTf,L(t−Tf,L(1−exp(−t/Tf,L)))fort>Tf,L
v2ft2fort<τf,λ
2v2fTf,Ltfort>Tf,L
v2ft2(1−t2/(6τ2f,λ))fort<τf,λ
Figure3.8: Meansquaredisplacementofﬂuidparticlescomparedtoanalyticsolu-
tionsatReλ=58.0.
Figure3.9comparesasetofprobabilitydensityfunctions(pdf)fortheﬂuidparti-
clesdisplacementwiththecorrespondingGaussiandistributionatdiﬀerenttimes.
Inparticular,thepdfsshownareattimest=2.5Tf,L,t=7.4Tf,L,t=12.4Tf,Land
t=17.3Tf,L. AccordingtoPope(2000)thepdfoftheﬂuidparticledisplacement
musthaveaGaussiandistribution;N(0,∆y2f(t)).ThisisbecausetheEulerianve-
locitypdf,whichisGaussian,mustbethesameastheLagrangianpdf(Tennekesand
Lumley,1972;MinierandPeirano,2001).Thecomputedprobablitydensityfunc-
tionsateachinstanceareinverycloseagreementwiththeircorrespondingGaussian
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distribution.Figures3.10plotsasampleofﬂuidparticletrajectoriesagainsttime.
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Figure3.9: Probabilitydensityfunctionsofdisplacementofﬂuidparticlesofat
severaltimescomparedtotheGaussianpdfatReλ=58.0.
Itcanbeseenthatalargenumberoftrajectoriesarewithinthe“envelope”of
thestandarddeviation, ∆y2f(t)conﬁrmingtheconclusionsoftheprevioustwo
ﬁgures.
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Figure3.10:SampleofﬂuidparticletrajectoriesatReλ=58.0.
3.5.4 Probabilitydensityfunctionsofvelocityandvelocity
gradients
AsilustratedbyNoulezetal.(1997)theprobabilitydensityfunction(pdf)ofthe
velocityﬂuctuationsinahomogeneousandisotropicturbulentﬁeldarecharacterised
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bytheGaussiandistributionexceptatthetails,whicharebelowtheGaussiandis-
tribution. Figures3.11and3.12comparethepdfofthevelocityﬂuctuationsin
direction1atReλ=58.0withtheGaussiandistributionbothinlinearandsemilog-
arithmicaxesandagreewiththeﬁndingsofNoulezetal.(1997).Inaddition,as
discussedbyTennekesandLumley(1972)theLagrangianandEulerianvelocitypdfs
mustbethesameinHIT.
−0.6 −0.4 −0.2 0.0 0.2 0.4 0.6v1
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Figure3.11: ProbabilitydensityfunctionofEulerianandLagrangianvelocityin
direction1comparedtothecorrespondingGaussiandistributionat
Reλ=58.0(linearaxes).
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Figure3.12: ProbabilitydensityfunctionofEulerianandLagrangianvelocityin
direction1comparedtothecorrespondingGaussiandistributionat
Reλ=58.0(semilogarithmicaxes).
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Figure3.13comparesthevelocitygradientpdfs∂v1/∂x1and∂v1/∂x2atReλ=35.4
withthecorrespondingGaussiandistributions.Figure3.13conﬁrmstheﬁndingsof
Batchelor(1953)andTownsend(1947),thatthevelocitygradientpdfsdepartfrom
theGaussiandistribution.
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Figure3.13:ProbabilitydensityfunctionofEulerianvelocitygradients∂v1∂x1and∂v1∂x2comparedtothecorrespondingGaussiandistributionatReλ=35.4.
3.6 Three-dimensionalspectra
Thethree-dimensionalspectrumE(κ)isdeterminedfromtheone-dimensionalspec-
trumbyusingtheisotropicrelation(George,2010)
E(κ)=−κddκF
(1)
ii(κ) (3.26)
whereF(1)ii(κ)isthesummationofthethreeonedimensionalspectra.Accordingto
EswaranandPope(1988)theforcingschemeshouldnotaﬀectthehighwavenumber
ofthespectrum. Figure3.14comparestheenergyspectra,scaledwiththeKol-
mogorovvariables,withtheexperimentaldataofComte-BelotandCorrsin(1971)
atReλ=60.7.Thespectraathighwavenumberscolapseprecisely,ilustratingthat
theforcingindeeddoesnotinﬂuencethesmalscales.
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Figure3.14: Comparisonofenergyspectraathighwavenumberscalingwithexper-
imentaldataprovidedbyComte-BelotandCorrsin(1971).
3.7Eﬀectofforcingdiﬀerentwavenumberson
spectraandcorrelationfunctions
Forcingdiﬀerentwavenumberrangesonthesamespectrumhasprofoundeﬀectson
thespectraandautocorrelations.Threetestcaseswereusedinordertoilustrate
thesediﬀerences. Thesearethecasestriggeredatwavenumbers100≤κ≤300,
200≤κ≤400and400≤κ≤600. Figure3.15comparestheautocorrelation
functionsofthethreesimulations.ThenormalisedEulerianvelocityautocorrelation
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Figure3.15: ComparisonofnormalisedEulerianvelocityautocorrelationstriggered
atwavenumberranges100≤κ≤300,200≤κ≤400and400≤κ≤
600.
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function,CE(τ),forvelocityv1isdeﬁnedas,
CE(τ)=v1(x,t)v1(x,t+τ)v21(x,t) (3.27)
Forcingdiﬀerentwavenumberrangesimposesontheturbulencecorrespondingau-
tocorrelationshapesand,hence,diﬀerentintegraltimescales(seeTable3.1).The
Eulerianintegraltimescale,Tf,E,isdeﬁnedas
Tf,E=
∞
0
CE(τ)dτ (3.28)
NoticethatthegeneratedturbulenceisalsostationarybecauseCE(τ)approaches
zeroafterafewintegralscales. Figures3.16and3.17showthediﬀerentshapes
ofthespatialautocorrelationsandone-dimensionalspectra. Forcingdiﬀerent
wavenumberrangesinducesadiﬀerentturbulentﬂowwithdiﬀerentcharacteristics,
eventhoughthesamemodelspectrumisusedtotriggerthewavenumbermodes.
Thisisalsoconﬁrmedbytheone-pointstatisticsshowninTable3.1.Inparticular,
theturbulenceproducedhasdiﬀerentintegralandTaylorlengthscales. Thisis
becauseforcingdiﬀerentpartsofamodelspectrumsustainsparticularlengthscales.
Eventhoughthecharacteristicvelocityu′fremainsthesame,theintegralandTaylor
Reynoldsnumbers,deﬁnedas
ReL=u
′fL(1)11
νf (3.29)
Reλ=u
′fλ(1)22
νf (3.30)
arenotthesameforeachsimulationbecauseofthediﬀerentgeneratedlengthscales.
Mostimportantly,themeansquarestrain, sijsij andmeansquarevorticity,ωiωi,
arediﬀerent. ThisexplainswhytheKolmogorovscalesforeachcasearenotthe
same,becausethedissipation,whichisdeﬁnedas
ǫf=2νfsijsij (3.31)
changes.Hence,theKolmogorovlengthscaleηκ,deﬁnedas
ηκ= ν
3f
ǫf
1/4
(3.32)
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(a) Wavelengths100≤κ≤300.
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(b) Wavelengths200≤κ≤400.
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(c) Wavelengths400≤κ≤600.
Figure3.16:Two-pointspatialcorrelationsofcomparingthethreediﬀerenttrigger-
ingwavenumbers.
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Figure3.17:One-dimensionalspatialenergyspectraofcomparingthethreediﬀerent
triggeringwavenumbers.
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changescorrespondingly.YeungandPope(1988)mentionthatagoodcriterionfor
adequateresolutionofthesmalestscalesis,
κmaxηκ≥1.0 (3.33)
whereκmax =Nπ/LboxandNisthetotalnumberofgridpoints.Itisworthwhile
mentioningthat,asshownbyTable3.2,alsimulationssatisfythiscriterion.
3.8Eﬀectof modelspectra
Altheaforementionedsimulationsareinitialisedusingamodiﬁedversionofthe
von-Karmanspectrum.Thismodelspectrumis
E(κ)=αu
′2f
κe
(κ/κe)4
1+(κ/κe)2
17/6exp(−2(κ/κη)2) (3.34)
whereαisaconstantthatgivesthecorrectturbulentkineticenergy,κeisthe
wavenumberthatthemodelhasitspeakenergyandκηistheKolmogorovwavenum-
ber.ThePassot-Pouquetspectrumhasadiﬀerentbehaviourcomparedtothevon-
Karmanspectrum,whichisdeﬁnedas
E(κ)= 16π/2
u′2fκ4
κ5e exp(−2(κ/κe)
2) (3.35)
Inparticular,thepeakofthePassot-Pouquetspectrumisclosertothe100≤κ≤300
rangeasopposedtothevon-Karmanspectrum.Infact,thisisveryimportant
becausediﬀerentspatialautocorrelationshapesareobtained;refertoFigure3.18and
Table3.1. Moreover,theone-dimensionaltransversespectraofthetwosimulations
(seeFigure3.19)aresigniﬁcantlydiﬀerent.Despitethefactthatbothsimulations
havesimilarcharacteristicvelocities,thecharacteristicscalesdiﬀerbyafewpercent.
Thisemphasisestheimportanceofthepeakandtheshapeofthemodelspectra
themselves.
3.9Eﬀectofwindowfunctionsandperiodicity
Onewaytoobtainthevelocityautocorrelationisbydirectmanipulationofthe
Fouriertransforms,i.e.determinethespectrumfromthesignalbyFouriertrans-
formingit,thenmultiplyingbyitscomplexconjugateandﬁnalyinverseFourier
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(a)Fromvon-Karmanspectrum(Equation3.34).
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(b)FromPassot-Pouquetspectrum(equation3.35).
Figure3.18:Two-pointspatialcorrelationscomparingdiﬀerentmodelspectra,at
wavelengths100≤κ≤300.
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(b)FromPassot-Pouquetspectrum(equation3.35).
Figure3.19:One-dimensionalspatialenergycomparingdiﬀerentmodelspectra,at
wavelengths100≤κ≤300.
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transformingit.TheFouriertransformis,however,performedoveraﬁnitelength
andthistransformationwilalwaysbeﬁnite. Spectraare,therefore,convolved
(contaminated)withawindowfunctionandhencetheyareestimatorsoftheactual
spectra.TheFouriertransformoveraﬁnitedomainis
vˆi,T(ω)=
∞
−∞
vi(t)e−i2πωtWTdt (3.36)
wherethesubscriptTdenotesthatthetransformationisperformedoveraﬁnite
time(orlength)andWTistheTop-Hatwindow.Equation3.36isfurthersimpliﬁed
as
vˆi,T(ω)=
T/2
−T/2
vi,T(t)e−i2πωtdt (3.37)
ThespectralestimatorforFij(ω)is
Fij,T(ω)=1Tˆvi,T(ω)ˆv
⋆j,T(ω) (3.38)
Bysubstitutingequation3.37intoequation3.38andrearranging(forderivationsee
George,2010)thespectrumestimatorsimpliﬁesto
Fij,T(ω)=
T
−T
CE,ij(τ)WBe−i2πωtdt (3.39)
whereWBistheBartlettwindow,deﬁnedas
WB= 1−|τ|T (3.40)
Inotherwords,thespectrumistheconvolutionoftheautocorrelationwiththis
window.Inordertoobtainthecorrectautocorrelation,theBartlettwindowmust
bedividedfromthespectrumafterinverseFouriertransformingFij,T(ω)becausea
convolutioninFourierspaceisamultiplicationinphysicalspaceandvice-versa.
Anotherwaytocomputetheautocorrelationistodetermineitbydirectlycom-
putingtheconvolutionintegral,i.e.
CE,ij,T(τ)=1T
T−|τ|
0
vi(t)vj(t+τ)dt (3.41)
Sinceviisadiscretesignal,theCauchyproductisusedtocomputeequation3.41,
whichonlyinvolvesaTop-Hatﬁlter.Figure3.20showstheautocorrelationcom-
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Figure3.20: AutocorrelationwitheﬀectsofBartlettandTop-Hatwindows.
putedusingthetwoaforementionedmethods.TheBartlettwindowdecreasesthe
integraltimescale(refertoequation3.28)becauseitlowerstheautocorrelation.In
addition,itisclearthatiftheBartlettwindowisremoved,theautocorrelationis
similartotheonecomputedusingequation3.41.Noticethattheautocorrelations
showninFigure3.20arenon-periodic,butthespatialautocorrelationsarefurther
complicatedbytheperiodicityofthesimulations.Theone-dimensionalspatialau-
tocorrelationB(1)11(r)iscomputedwiththetwoaforementionedmethodsandplotted
inFigure3.21.Notice,thatinthiscaseequation3.41isdeterminedintwoways:1)
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Figure3.21: Windowandperiodicityeﬀecton1283simulation.
byassumingperiodicity(cyclicconvolution)and2)byignoringperiodicity.Inthis
caseperiodicityremovestheeﬀectoftheBartlettwindow.Thisisveryimportant
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becauseifthiswindowisremoveditwilleadtoanincorrectspatialautocorrelation
and,hence,incorrectintegralandTaylorlengthscales.Itisworthwhilementioning
thatthiseﬀectisnotobservedinFigure3.20becausethesignalsarenotperiodic
intime.
Theeﬀectofwindowfunctionsandperiodicityisfurtherinvestigatedbyperforming
asimulationina2563boxusingthesametriggeringwavenumbers;100≤κ≤300.
InFigure3.22,theB(1)11(r)correlationofthe2563simulationisplottedandcom-
paredwiththecorrespondingcorrelationsobtainedbyincludingtheperiodicityand
windoweﬀects.Itisimportanttonotethattheone-pointstatisticsofthe2563
simulationareverysimilartothoseofthe1283simulation. Thetwo-pointstatis-
ticsarealsoverysimilarsinceB(1)11(r),computedusingtheCauchyproduct,are
almostidentical. NoticeagaintheeﬀectoftheBartlettwindow,however,inthis
caseitseﬀectissmaler.AsGeorge(2010)mentions,thisisbecauseasthelength
ofasignalincreasestheeﬀectoftheBartlettwindowdisappears(i.e.equation3.40
reducesexactlyto1asLbox→∞ orT→∞).If,ontheotherhand,periodicityis
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Figure3.22: Windowandperiodicityeﬀecton2563simulation.
artiﬁcialyremovedfromthe2563simulation,theBartlettwindowreappears(refer
toFigure3.23).Periodicityisremovedbytakingeachsignalandremovetheﬁrst
andlast64gridpointssothatweareleftwithanon-periodic128signal.The2563
simulationisessentialy“trimmed”insuchawaythatonlyacentre1283boxre-
mains.TheautocorrelationwiththeBartlettwindowmovesdownwards,resulting
inalowerintegrallengthscale.Inaddition,theTaylorlengthscaleisbiggersince
thesecondordergradientatr=0issmaler.However,whentheBartlettwindow
isremovedtheautocorrelationreturnstothecorrectposition.
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Figure3.23: Eﬀectofartiﬁcialyremovingperiodicityfromthe2563simulation.
3.10Summaryandconclusions
InthischapterthespectralforcingschemeofEswaranandPope(1988)andthelin-
earforcingschemeofLundgren(2003),whichgeneratehomogeneousandisotropic
ﬁelds,werediscussed.Anewalternativeforcingschemewasproposedandvalidated
byperformingaseriesofDNS.Theaimofthenewforcingschemeistosustainthe
turbulencekineticenergyofthesystembycontinuouslycorrectingtheenergylost
duetoviscouseﬀectsateverytimestep. Thisschemeisimplementedinphysical
spaceandhencehasthebeneﬁtofbeingcomputationalyfasterbecausethereisno
needtoFourierandinverseFouriertransformquantities. Moreover,contrarytothe
forcingschemeofLundgren(2003),thisschemehastheabilitytopickandtrigger
speciﬁcwavenumbermodesofmodelspectra.
Itwasshownthatthisforcingschemegenerateshomogeneousandisotropicturbu-
lencebothatthelocalandgloballevelsforaltriggeredwavenumbers,exceptwhen
forcingwavenumbersthatareofthesameorderasthatofthephysicaldomain.
Insuchacase,anisotropicandinhomogeneousturbulenceisgeneratedbecausethe
physicaldomainistoosmaltocapturetheinducedstructures. Theresultsshow
thatbytriggeringdiﬀerentwavenumberrangesproducecorrespondingspatialone-
dimensionalautocorrelationsandone-dimensionalspectra. Finaly,theeﬀectof
windowfunctionsandperiodicitywereexaminedanditwasshownthattheycan
alsoaﬀectthevelocityautocorrelationshape.Theresultsshowthatwindowfunc-
tionsaﬀectnon-periodicsignalsandthereforemustberemovedinordertoobtain
thecorrectautocorrelationshape.Ontheotherhand,itisshownthatperiodicity
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cancelstheeﬀectsofthewindowfunctionanditis,therefore,incorrecttoremove
itfromperiodicdataasthisleadstoincorrectautocorrelationshapes,integraland
Taylortimeandlengthscales.Similarlyitisincorrecttoprocessnon-periodicdata
asthoughtheywereperiodic.Inthesesimulationsthespatialvariationswereperi-
odic(becauseoftheperiodicboundaryconditions),whilethetime-seriesdatawas
astationaryrandomprocess(andhencenotperiodic).
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Abstract
Thischapterevaluatestheeﬀectofforcingtosustainturbulenceonthetransfer
functionoftheﬂuidwithparticlessuspendedinahomogeneousandisotropicﬂow.
AsmentionedbyLucciF.,FerranteA.andElghobashiS.,Modulationofisotropic
turbulencebyparticlesofTaylorlength-scalesize,J.FluidMech.,vol650,pp5-55,
2010,therearethreelimitationsofforcingparticle-ladenhomogeneousandisotropic
turbulence:(a)largeﬂuctuationsonthetemporalevolutionofthekineticenergyare
createdwhenforcingisactiveatlowwavenumbers,(b)theredistributionofenergy
isaﬀectedwhenforcingisperformedoveral wavenumbers,and(c)thenon-linear
transferfunctionoftheﬂuidduetothetriadicinteractionsisaﬀectedwhenforcing
isactiveoverawavenumberrange.Theselimitationsmaketheinterpretationofthe
eﬀectsofparticlesontheenergyspectrumoftheﬂuiddiﬃcult.Theperformanceof
theforcingschemeinChapter3istestedusingDNSsimulationsladenwithparti-
cles.Itisshownthatthenon-lineartransferfunctionoftheﬂuidwiththecurrent
forcingschemeisonlyaﬀectedatthewavenumbersatwhichitisacting,consis-
tentwiththetheory.Evenso,thespatialcoherenceandphasespectrabetweenthe
two-waycouplingandtheﬂuidcomputedfromthesimulationsshowthatthenew
forcingschemeisonlymoderatelycorrelatedevenfortheforcedwavenumbers,with
correlationcoeﬃcientstypicalyabout10%.
Thischapterhasbeensubmittedforpublicationas:
G.Malouppas, W.K.George,andB.G.M.Van Wachem.Newforcingschemeto
sustainparticle-ladenhomogeneousandisotropicturbulence.PhysicsofFluids.In
pre-print.
78
Chapter4:Theoreticalanalysisoftheinﬂuenceofforcingschemeson
particle-ladenturbulence
4.1Introduction
Lundgren(2003)proposedaturbulenceforcingschemewhichbalancestheﬂuiddis-
sipationrateandtheturbulencekineticenergyinordertoproduceastationary,
homogeneousandisotropicturbulentﬂowbyaddingaconstantbodyforceinphys-
icalspace. Thismethodtriggersal wavenumbermodesoftheenergyspectrum
simultaneously.Otherschemesavoidthisbytriggeringspeciﬁcwavenumbers,which
areusualythelowwavenumbersoftheenergyspectrumsuchastheoneproposed
byEswaranandPope(1988). ThemethodofEswaranandPope(1988)involves
theuseofapseudo-spectralframework.Theideaoftheirforcingschemeistokeep
thetotaldissipationoftheﬂuidconstantbymakinguseofstatisticalyindependent
stochasticprocessesateachwavenumber.Theserandomprocesses,whichalsosat-
isfycontinuity,supplyenergytotheﬁrstfewwavenumbermodesoftheﬂuidbya
prescribedvarianceandintegraltimescaleoftheturbulence(RosalesandMeneveau,
2005).Itisworthwhilementioningthatwhenenergyissuppliedattheseﬁrstfew
lowwavenumbersthetemporalﬂuctuationsareveryhigh(RosalesandMeneveau,
2005;Luccietal.,2010).
Takingadvantageoftheretainedstatisticsoﬀeredbyforcedhomogeneousand
isotropicturbulence,SquiresandEaton(1990,1991b)andBoivinetal.(1998)
amongstothershaveperformedstudiesinvolvingtwo-waycoupledforcedturbulence
inordertoexaminethedispersionofparticlesandthemodulationofturbulence.
Recently,itwasarguedbyLuccietal.(2010),thatexistingforcingschemesmay
haveadirectimpactonthebehaviourofthetwo-waycouplingspectrum. Lucci
etal.(2010)liststhreepossiblereasonsthatmakethestudyofforcedturbulence
withcurrentforcingschemesandtwo-waycoupling“incorrect”:(a)theforcingof
theﬁrstfewlowwavenumbermodesinspectralspacecreateslargeﬂuctuationson
thetemporalevolutionoftheturbulencekineticenergywhichcanbeofthesame
orderofmagnitudeastheeﬀectofthetwo-waycoupling;(b)forcingperformed
inphysicalspace,whereal wavenumbermodesaretriggeredasLundgren(2003)
proposed,distortstheredistributionofenergyandhencetheeﬀectsofparticles
onE(κ,t)cannotbequantiﬁed;and(c)duetothetriadicinteractions,itisnot
possibletoinvestigatethemodiﬁcationofthenon-lineartransferfunction,T(κ,t),
andconsequentlytheﬂuidenergyspectrumatthewavenumbermodeswhereforc-
ingisactive.Theirconclusionsarelatershowntobevalidfortheforcingscheme
proposedbyLundgren(2003),becausethenon-lineartransferfunctionisaﬀected
atal wavenumbers.Infactthenon-lineartransferfunctioncanbeexpressedas
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T(κ,t)=2(νfκ2−A)E(κ,t),wherethefactorAistheforcingconstant.Thiscon-
stantthereforeaﬀectsalthewavenumbersoftheenergyspectrum,butitisalso
shownthatmoregeneralforcingschemescanavoidthisdiﬃculty,atleasttheun-
forcedwavenumbers.
ThepurposeofthischapteristoshowthattheforcingschemeproposedinChapter3
avoidsthethreelimitationssuggestedbyLuccietal.(2010).Usingthenewforcing
scheme,DNSofforcedHITona1283periodiccubicbox(oflengthLb=0.128m)
fulycoupledwithparticlesofStokesnumbersof0.07and3.45ataTaylorReynolds
numberof35.4areperformed,inordertoevaluatetherelativeperformanceofthe
currentforcingschemebothatastatisticalandatheoreticallevel.Toelucidatethe
eﬀectsofthenewforcingschemeontheﬂuidandparticles,thischapterinvestigates
thecoherencespectrabetweenthecurrentforcingschemewithboththeﬂuidand
thetwo-waycoupling.Theresultsarealsousedtodeterminewhethertheinﬂuence
oftheforcingontheﬂuidandthetwo-waycouplingisstatisticalysigniﬁcant.
Furthermore,theanalysisandresultsofAbdelsamieandLee(2012)arerevisited.
Theyexaminethetemporalevolutionoftheturbulencekineticenergyinforcedtur-
bulencebyusingthespectralforcingschemeofEswaranandPope(1988). They
proposedthatattimessmalerthantheforcingintegralscaletheone-point,one-time
two-waycouplingtermis“substantialymodiﬁedbytheforcingscheme”,especialy
forlightparticles,(Stokesnumbers,St<1).Bycontrast,itisshownthatthenew
forcingschemeusedinthisworkdoesnotappearinthetemporalevolutionofthe
two-waycouplingterm.Thisisbecausethecurrentforcingschemeexactlybalances
theamountofforcingwiththeﬂuidandparticledissipationandalsokeepsthetur-
bulencekineticenergyconstantatapre-deﬁnedvalue.
Thischapterisorganisedintothreesections.Sec.4.2presentsthesimulationsand
conditionsofthisstudy.Sec.4.3comparesandassessestherelativeperformanceof
thenewforcingschemeintermsofthethreelimitationsdiscussedbyLuccietal.
(2010).Finaly,Section4.4summarisesthemainconclusionsofthiswork.
4.2Simulationsandconditions
Simulationsona1283periodicbox(Lbox=0.128m)wereperformedwithﬂuid
kinematicviscosityνf=1.47×10−5m2s−1andﬂuiddensityρf=1.17kgm−3with
particlevolumefractionof1.37×10−5,correspondingto223,520particles. The
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particlesconsideredinthisworkaresphericalandelasticwithaﬁxeddiameterof
dp=67.6µm.Thisdiameterensuresthattheparticlesaremuchsmalerthanthe
Kolmogorovmicroscale,whichisdp/ηκ=0.1.Thedensityoftheparticlesvariedas
folows:150kgm−3,2500kgm−3,8000kgm−3and12000kgm−3inordertoobtain
particlesofdiﬀerentStokesnumbers.ThecorrespondingStokesnumber(St)ofthe
particlesisSt=0.07,St=1.12,St=3.45andSt=5.15.Notethattheturbulent
kineticenergylevelsremainedconstantatabout6.52×10−3m2s−2. TheTaylor
Reynoldsnumber,Reλis35.4. Post-processingstatisticsweregatheredafter10
integraltimescalesandsampledforatimeof20integraltimescales.Notethatκ
isdeﬁnedas2πn/Lbox,wherenisthewavenumber,andthewavelengthspacingis
49.1m−1.
4.3 Resultsanddiscussion
4.3.1Inﬂuenceofforcingonthenon-lineartransferfunction
Theinﬂuenceoftheforcingschemeonthenon-lineartransferfunctionisexamined
byconsideringthesingle-phasetwo-pointspatialvelocitycorrelationarisingfrom
equation2.9forahomogeneousandisotropicﬂow
∂v′iv′j
∂t +
∂ v′jv′kv′i − v′iv′kv′j
∂rk = −
1
ρ −
∂v′jP′
∂ri +
∂v′iP′
∂rj
+2νf∂
2v′iv′j
∂r2k + v
′jT′i + v′iT′j (4.1)
whereri=x′i−x′iandthesuperscripts′and′denotetwodiﬀerentpositions.
Equation4.1canbespatialyFouriertransformedinordertodeterminetheeﬀects
oftheforcingschemeTioneachcomponentinwavenumberspace. TheFourier
spaceequationsare
∂v′iv⋆′j
∂t = iκk v
⋆′jv⋆′kv′i − v′iv′kv⋆′j −1ρiκiv
⋆′jP′ −iκjv′iP⋆′
+2νfκ2kv′iv⋆′j + v⋆′jT′i + v′iT⋆′j (4.2)
wherevidenotestheFouriertransformofviandv⋆iisthecomplexconjugateofvi.
Notethatequation4.2isderivedinAppendixB.
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4.3.1.1InﬂuenceoflinearforcingschemeofLundgren(2003)onthe
non-lineartransferfunction
TheforcingschemeofLundgren(2003)isexaminedﬁrsttoprovideahistorical
perspective.Heproposedaforcingscheme,whichisinphysicalspace,sotheforcing
terminFourierspaceis
Ti=Avi (4.3)
wheretermAisaratiooftheproductiontodissipation,thuskeepingthetotal
turbulentkineticenergyconstant.Substitutingequation4.3intoequation4.2,the
forcingschemeofLundgren(2003)canbeincorporatedintothetwo-pointspatial
velocitycorrelationequationsasfolows
∂v′iv⋆′j
∂t = iκk v
⋆′jv⋆′kv′i − v′iv′kv⋆′j −1ρiκiv
⋆′jP′ −iκjv′iP⋆′
−2νfκ2kv′iv⋆′j + v⋆′jAv′i + v′iAv⋆′j (4.4)
Settingi=j,itisimmediatelyapparentthattheforcingterm,2Av⋆′iv′i hasthe
sameformasthedissipationterm,2νfκ2kv′iv⋆′i ,henceequation4.4simpliﬁesto
∂v′iv⋆′i
∂t =iκk v
⋆′iv⋆′kv′i − v′iv′kv⋆′i +2(A−νfκ2k)v⋆′iv′i (4.5)
wherethepressuretermcontributiondropsout(George,2010).Integratingover
sphericalshelsofradiusκi=|κi|yieldsthedynamicalequationfortheenergy
spectrum,E(κ),as
∂E(κ,t)
∂t =T(κ,t)+2(A−νfκ
2)E(κ,t) (4.6)
InstationaryHIT,theterm∂E(κ,t)/∂t=0,hencethetransferfunction,T(κ),is
givenby
T(κ,t)=2(νfκ2−A)E(κ,t) (4.7)
Notethatequation4.7isalsogivenbyRosalesandMeneveau(2005).Itisobvious
thatthisforcingschemeaﬀectsalwavenumbersofthetransferfunction.
Figure4.1,ilustratesaschematicoftheindividualtermsoftheparticle-ladendy-
namicenergyequationinforcedturbulenceusingtheforcingschemeofLundgren
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(2003). Asalreadyshownpreviouslyviaequation4.7,thisforcingschemeaﬀects
alwavenumbers.Thusanyeﬀectsduetotheparticlesonthetransferfunctionand
energyspectrumoftheﬂuidcannotbeseparatedfromtheforcing.Thiswasexactly
thepointofElghobashiandTruesdel(1993)andLuccietal.(2010).

T
AE
 Ef 2
T

Figure4.1:Schematicoftransferfunction,dissipationspectrum,two-waycoupling
spectrumandtheforcingschemeofLundgren(2003). Notethatthe
ﬁgureisanilustrationanditisnotobtainedfromDNS.
4.3.1.2 Inﬂuenceofnewschemeonthenon-lineartransferfunction
Performingasimilarprocedureforthenewforcingscheme,expressedbyequa-
tion3.5,theevolutionofv′iv⋆′i withtimeis
∂v′iv⋆′i
∂t = iκk v
⋆′iv⋆′kv′i − v′iv′kv⋆′i −2νfκ2kv⋆′iv′i
+B(κ) v⋆′iv′triggeredi + v′iv⋆′triggeredi (4.8)
whereB(κ,t)actsasatophatfunction,whereitisgivenas
B(κ)=


ρf
√q2f,wanted−√q2f,computed√q2f,wanted ∆t ,ifκmin≤κ≤κmax
0 ,ifκ<κmin andκ>κmax
(4.9)
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Integratingoversphericalshels,yields
∂E(κ,t)
∂t =T(κ,t)−2νfκ
2E(κ,t)+B(κ,t)F(κ,t) (4.10)
whereF(κ,t)isthethree-dimensionalFouriertransformofthecurrentforcing
scheme.InstationaryHIT,thetransferfunctionisnowexpressedas
T(κ,t)=2νfκ2E(κ,t)−B(κ,t)F(κ,t) (4.11)
Itisobviousnowthattheforcingschemeaﬀectsthetransferfunctiononlyinthe
rangewheretheforcingschemeisactive,i.e.κmin ≤κ≤κmax.Forthesimula-
tionsdescribedlater,forcingisappliedonlyintherange3κo≤κ≤7κo,where
κo=Lbox/(2π).
Whenparticlesareadded,twoextratermsappearinequation4.8,i.e
∂v′iv⋆′i
∂t = iκk v
⋆′iv⋆′kv′i − v′iv′kv⋆′i −2νfκ2k)v⋆′iv′i
+B(κ) v⋆′iv′triggeredi + v′iv⋆′triggeredi
+ v⋆′iΠ′i + v′iΠ⋆′i (4.12)
HenceinstationaryHIT,thetransferfunctionincludingtheeﬀectofparticlesis
T(κ,t)=2νfκ2E(κ,t)−B(κ,t)F(κ,t)−Ψ(κ,t) (4.13)
whereΨ(κ,t)isthethree-dimensionaltwo-waycouplingspectrum. Fromequa-
tion4.13itisclearthatwhenB(κ,t)iszero,thetransferfunction,T(κ,t)canonly
bedirectlyaﬀectedbytheparticlesandtheﬂuidviscosity,butnotbytheforcing.
Ontheotherhand,intherangewhenB(κ,t)isnon-zero,however,theforcingcan
directlyaﬀectthetransferfunctionoftheﬂuid.
Inthesimulationsdescribedbelowtheforcingisconﬁnedtotherangeofwavenum-
bersκmin ≤κ≤κmax. AschematicforthisforcingschemeisilustratedinFig-
ure4.2,whichshowsthatthecurrentforcingschemeisonlypresentattheforced
wavenumbers. Note,however,thatwhenparticlesareaddedinthedomainthe
currentforcingschemeadjustsitselftoanewvalueinordertokeeptheintegral
∞
0 T(κ)dκ=0.Thisisbecausetheforcingschemeonlycorrectsfordiﬀerencesin
the“wanted”and“computed”ﬂuidturbulencekineticenergy.Sincetheparticles
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aﬀecttheﬂuid,theeﬀectsoftheparticlesareinherentlyconsideredbytheforcing
scheme.

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Figure4.2:Schematicoftransferfunction,dissipationspectrum,two-waycoupling
spectrumandthenewforcingscheme(whicharedescribedbyequa-
tion4.13).Notethattheﬁgureisanilustrationanditisnotobtained
fromDNS.
Toobtainaclearpictureontheeﬀectsoftheforcingonthetransferfunctiona
statisticalanalysishasbeenperformedinordertodeterminethestatisticalcoher-
encebetweentheﬂuidandtheforcing.ThisisfurtherdescribedinSec.4.3.2below
wherethespatialcoherencespectrabetweentheforcingandtheparticlesandbe-
tweentheforcingandﬂuidisstudied.
4.3.2 Coherencespectraandphase
Thissectioninvestigatesboththetemporalandspatialcoherencespectrabetween
thetwo-waycouplingandtheﬂuidvelocity,betweentheforcingandtheﬂuidvelocity
andbetweentheforcingandthetwo-waycoupling.Themeansquaredcoherence,
asgiveninLumley(1970,Ch.4,pg.116)ofthecross-spectrumbetweenasignalA
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andsignalBisGAB(κ)isdeﬁnedas
CAB(κ)=
GAB(κ)
2
GAA(κ)GBB(κ) (4.14)
GAA(κ)andGBB(κ)arethespectraofsignalsAandBrespectively. Themean
squaredcoherenceissimilartothecross-correlationcoeﬃcients,withtheonlydif-
ferencethatavalueofthecorrelationcoeﬃcientateachκisobtained.Inaddition,
thephaseθAB(κ)ofthecross-spectrumGAB(κ)isdeﬁnedas
θAB(κ)=
ℑ GAB(κ)
ℜ GAB(κ)
(4.15)
whereℑ{.}andℜ{.}aretheimaginaryandrealpartsofthecross-spectrumGAB(κ)
respectively.Notethatθ(κ)variesfrom−180oto+180o,θ(κ)=0meansthatsignals
AandBarein-phase.ArandomlydistributedphaseacrossκmeansthatsignalsA
andBareincoherentandanyvalueonthecoherencespectrumisunimportant.
4.3.2.1Spatialcoherenceandphase
Thissectioninvestigatesthreespatialcoherencespectraandthecorrespondingphase
ofthecross-spectraforforcedturbulencewithparticleswithSt=0.07(lightpar-
ticles)andparticleswithSt=3.45(heavyparticles)atReλ=35.4. Theseare
cross-spectrabetween:(a)thetwo-waycouplingandtheﬂuidvelocity,(b)theforc-
ingandtheﬂuidvelocity,and(c)theforcingandthetwo-waycoupling.Notethat
theinvestigatedspectraareone-dimensionalindirection1.Figure4.3(a)andFig-
ure4.4(a)comparetheaforementionedspatialcoherencespectraforlightandheavy
particles,respectively.TheforcingandparticlesforbothStokesnumbersaremod-
eratelycorrelated,C(κ)<0.17,intherangewhereforcingisacting,100≤κ≤300.
Outsidethisrange,thecorrelationquicklydropstoverylowvalues(lessthan0.001)
whichconﬁrmsthattheforcingdoesnotinﬂuencethetwo-waycouplingspectrum
atthesewavenumbers. Similarly,theforcingdoesnotaﬀecttheﬂuidscalesfor
κ>300,becausethecorrelationbetweentheforcingandtheﬂuidisC(κ)≪0.01.
Figure4.3(b)andFigure4.4(b)comparethephaseoftheaforementionedcross-
spectra. Outsidetheforcingrange,κ>300,thephaseﬂuctuatesrandomlyfor
bothﬂuid-forcingandparticle-forcingcross-spectra.Thismeansthattheforcingat
thesewavenumbersiscompletelyuncorrelatedtobothﬂuidandparticlesbecause
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Figure4.3: Comparisonof(a)spatialcoherencespectrumand(b)spatialphasebe-
tweenparticlesandﬂuid,betweenforcingandﬂuidandbetweenforcing
andparticlesforSt=0.07andReλ=35.4.
thephaseisincoherent. Ontheotherhand,thephaseofthecross-spectrumbe-
tweenthetwo-waycouplingandtheﬂuidarein-phaseandtheninanti-phase,i.e.
alternatingbetween−180oand+180o.Inaddition,thetwo-waycouplingandﬂuid
coherencespectrumforbothparticlesappeartohavedoublepeaks. Thesecond
peakisafterthesignalsareoutofphase. Moreover,thephasesshownforeach
individualcross-spectrumarerelatedasθAB(κ)=−θBA(κ). Thismeansthatthe
combinedcross-correlationsaresymmetric;whichmeansinFourierspace,thesum-
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Figure4.4: Comparisonof(a)spatialcoherencespectrumand(b)spatialphasebe-
tweenparticlesandﬂuid,betweenforcingandﬂuidandbetweenforcing
andparticlesforSt=3.45andReλ=35.4.
mationofthelastfourtermsinequation4.8areonlyrealcoeﬃcients.Asshownin
Figure4.5,whichcomparesthecombinedphaseofthecross-spectra,thecombined
phasebetweentheforcingandtheﬂuidandtheforcingandthetwo-waycoupling
alternatesbetween0oand180ofortheunforcedwavenumbers. Thismeansthat
thecoeﬃcientsofthesespectraatthesewavenumbersareincoherent.Ontheother
hand,thecombinedphasebetweenthetwo-waycouplingandtheﬂuidremainsin
phaseattheforcedwavenumbersandthenswitchesto+180oandremainsatthis
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angle. Thisisbecausethecross-spectrumbetweenthetwo-waycouplingandthe
ﬂuidatthesewavenumbersisnegative. Thisalsoexplainsthedoublepeakofthe
correspondingcoherencespectraofFigure4.3(a)andFigure4.4(a).Thisbehaviour
ofthetwo-waycouplingandﬂuidspectrumcouldbeaconsequenceoftheparticles
generatingﬂuidscalesathighwavenumbers. Thisisbecauseatlowwavenumbers
thephasebetweentheﬂuidandthetwo-waycouplingiszero,whichmeanstheﬂuid
is“forcing”theparticles.Ontheotherhand,athighwavenumbersandasreﬂected
inthephaseshift,theparticlesarenow“forcing”theﬂuid.Thisisfurtherexamined
isSec.4.3.2.2whereparticlesofvariousStokesnumbersareexamined.
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θvf,iBvtriggeredf,i +Bvtriggeredf,i vf,i(κ)
θΠiBvtriggeredf,i +Bvtriggeredf,i Πi(κ)
Figure4.5: Phaseofcombinedcross-spectrabetweenparticlesandﬂuid,between
forcingandﬂuidandbetweenforcingandparticlesforSt=3.45and
Reλ=35.4.
4.3.2.2 Spatial meansquarecoherenceandphaseofﬂuidvelocityand
two-waycoupling
Figure4.6comparesthediﬀerentcoherencefunctionsresultingfromvariousStokes
numbersatReλ=35.4.ThevalueofC(0)decreaseswithdecreasingStokesnum-
ber,whichmeansthatforlightparticlestheﬂuidvelocityisalmostincoherentwith
thetwo-waycouplingterm. WhentheStokesnumberincreases,theﬂuidvelocity
andthetwo-waycouplingtermbecomemorecoherent,butonlyatlowwavelengths
(aboutκ<700). Atκ>1000thereisaslightincreaseinthecoherencespec-
trum. Thismeansthat:a)thetwo-waycouplinginteractswiththeintermediate
ﬂuidstructures,andinteractswithasmalereﬀectathigherwavelengths. The
89
Chapter4:Theoreticalanalysisoftheinﬂuenceofforcingschemeson
particle-ladenturbulence
reasonthecoherencespectrumpeaksatκ=0isbecauseone-dimensionalspectra
inthelongitudinaldirectionsareused. TennekesandLumley(1972)showthat
isotropicone-dimensionalspectrainthelongitudinaldirectionpeakatκ=0.One
dimensionalspectrainboththelongitudinalandlateraldirections,bycontrastto
three-dimensionalspectra,arenon-zeroatκ=0becausetheyareproportionalto
anintegralscale(George,2010).b)theamountofinteractiondecreaseswithde-
creasingStokesnumberbecausetheparticlesbecomelessinertialandthereforelose
theirabilitytoaﬀecttheﬂuid.
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Figure4.6: Meansquaredcoherenceofcross-spectrumG(1)vf,1ΠwithdiﬀerentStokesnumbersatReλ=35.4. Notethatthesuperscript(1)indicatesone-
dimensionalspectrumindirection1.
FromFigure4.7itisapparentthatthephaseshiftfrom0oto+1800isStokes
numberdependent.Forverylightparticlestheshiftoccursathighwavenumbers,
whereasforheavyparticles(St=3.45andSt=5.15)thephaseshiftoccursatlower
wavenumbers.HoweverthistransitioninphaseshiftisnotlinearwithStokesnum-
ber.Figure4.7,alsocomparesthephaseshiftbehaviourforSt≈1particles.The
phaseshiftinthiscaseoccursatverylowwavenumbers(evenlowerforSt=5.15).
Thisisbecause,althoughnotpresented,St≈1particlespreferentialyconcentrate
whereasparticlesofdiﬀerentStokesnumbers(St<1andSt>1)appeartobemore
randomlydistributedinthedomain.Thisbehaviourisalsophysicalandcannotbe
attributedtoanyeﬀectsoftheartiﬁcialforcing.
90
Chapter4:Theoreticalanalysisoftheinﬂuenceofforcingschemeson
particle-ladenturbulence
−4000 −3000 −2000 −1000 0 1000 2000 3000 4000κ
0
50
100
150
200
θ [v f
,iΠ
i+Π
iv f
,i](κ
) St=0.07
St=1.12
St=3.45
St=5.15
Figure4.7:Combinedphaseofcross-spectrumG(1)vf,1ΠwithdiﬀerentStokesnumbersatReλ=35.4.Notethatthesuperscript(1)indicatesone-dimensional
spectrumindirection1.
Figure4.8comparesthemodulationofthesingle-phasetransferfunctionwhenpar-
ticlesofdiﬀerentStokesnumbers(St=0.07,St=1.12andSt=3.45)areaddedin
thedomainatReλ=35.4.Theﬁgureclearlyshowsthatwhenparticlesareadded
thetransferfunctionattheforcedwavenumbersisalsomodulated.Buteventhough
theeﬀectsoftheparticlesattheforcedwavenumberscannotbeclearlyquantiﬁedin
thisrange,thesimulationsarestilcorrectattheunforcedwavenumbers,onlythe
separateeﬀectscannotbedistinguished.Theneteﬀectovertheforcingrangecan
bedetermined,however,byusingtheinformationobtainedovertheunforcedrange.
Thisissimplybecausetheintegral ∞0 T(κ)dκ=0.Inaddition,sincethisintegral
ofthetransferfunctionisequaltozeroforalthecasesshowninFigure4.8,itcan
bededucedthattheforcingschemerespondsdiﬀerentlytoparticleswithdiﬀerent
Stokesnumbers.ThisisshowninFigure4.8whereattheforcedwavenumbersthe
peakofthetransferfunctionbecomeslessnegativewithincreasingStokesnumber.
Moreover,themodulationofthetransferfunctioninthisworkshowssimilartrends
totheworksofElghobashiandTruesdel(1993)andFerranteandElghobashi(2003).
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Figure4.8:Comparisonbetweensinglephaseandparticle-laden;St=0.07,St=
1.12andSt=3.45,transferfunctionsatReλ=35.4.
4.3.3 Temporalevolutionofturbulentkineticenergy
ThissectioninvestigatestheequationproposedbyAbdelsamieandLee(2012)who
studythetemporalevolutionofthetwo-waycouplinginstationaryHIT.Inhomo-
geneousturbulencethetemporalevolutionofturbulencekineticenergyisexpressed
as(whichisderivedinAppendixB)
∂12vf,ivf,i
∂t =F(t)−ǫf(t)+ǫp(t) (4.16)
whereF(t)istheforcingtermexpressedasF(t)=vf,i(t)Ti(t)andǫp(t)isthe
totalparticledissipationdeﬁnedas,
ǫp(t) =vf,i(t)Πi(t)
=−βvf,i(t)vf,i(t)+βvf,i(t)vp,i(t) (4.17)
whereβisthedragfunction,whichisdeﬁnedbyequation2.15,andassumedto
beconstantforsimplicity. NotethatalquantitiesareexpressedintheEulerian
framework. Diﬀerentiatingequation4.17theparticledissipationwithtime,the
folowingexpressionisobtained
dǫp(t)
dt =−β
dvf,i(t)vf,i(t)
dt +β
vf,i(t)vp,i(t)
dt (4.18)
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Substitutingequation4.16intoequation4.18,aﬁrstorderdiﬀerentialequation
results
dǫp(t)
dt +2βǫp(t)=−2β F(t)−ǫf(t) +β
dvf,i(t)vp,i(t)
dt (4.19)
NotethatintheanalysisofAbdelsamieandLee(2012)thetermβdvf,i(t)vp,i(t)dt is
neglectedandthedissipationterm2βǫf(t)ismissing. Theythencontinuetheir
analysisandderiveanequationwhichshowsthatthetemporalevolutionofthe
two-waycouplingtermisdirectlyaﬀectedbytheforcing.
InstationaryHIT,however,equation4.16isexactlyequaltozerobecausetheforc-
ingbalancesboththedissipationduetotheﬂuidandduetotheparticles,i.e.
F(t)=ǫf(t)−ǫp(t).Hence,equation4.19simpliﬁesto
dǫp(t)
dt =β
dvf,i(t)vp,i(t)
dt (4.20)
Integratingequation4.20resultsin,
ǫp(t)=ǫp(to)+β vf,i(t)vp,i(t)− vf,i(to)vp,i(to) (4.21)
Fromequation4.17andatt=to,thenǫp(to)=−βvf,i(to)vf,i(to)+βvf,i(to)vp,i(to),
henceequation4.21simpliﬁesto
ǫp(t)=β vf,i(t)vp,i(t)− vf,i(to)vf,i(to) (4.22)
Equation4.22ilustratesthatthetwo-waycouplingtermisindependentoftheforc-
ingterm.Infact,itdependsontheproductofthedragfunctionβandtheco-
variancebetweentheﬂuidandparticlevelocities, vf,i(t)vp,i(t),whichactsasa
transientterm.Thelasttermontherighthandsideofequation4.22istheproduct
betweenthedragfunctionandthevarianceoftheﬂuidatt=to. Withthecurrent
forcingschemethereisnoeﬀectoftheforcingonthetemporalevolutionofthe
two-waycoupling.
4.4SummaryandConclusions
Thepurposeofthisworkwastotestthesuitabilityandevaluatetheperformance
ofanewlyproposedforcingschemeforhomogeneousandisotropicturbulenceladen
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withparticles.Inviewoftheproblemsthatprevioussimulationshavefacedthe
threelimitationsconcerningforcedparticleHITdiscussedbyLuccietal.(2010)
wereexamined. Thenewschemewasevaluatedusingboththeoryandstatistics
fromDNSsimulationsofforcedturbulencesimulationswithparticles. Thenon-
lineartransferfunctionwasexaminedinordertodeterminewhichwavenumber
modeswereinﬂuencedbytheforcingscheme.Thetheoreticalanalysisshowedthat
thenewlyproposedschemeonlyaﬀectsT(κ,t)atthewavenumbermodeswhere
theforcingisactive.Thustheadditionaleﬀectofparticlescanbequantiﬁedatal
otherwavenumbers.TheeﬀectsonE(κ,t)duetotheparticlesatintermediateand
highwavenumbersispossiblebecausethetransferfunctionisnotinﬂuenceddirectly
outsideoftherangeoftheforcing. Bycontrast,byperformingasimilaranalysis
withthelinearforcingofLundgren(2003),itwasshownthatthetransferfunction
wasaﬀectedatalwavenumberssothattheeﬀectsoftheparticlescannotbeclearly
quantiﬁed.
Thespatialcoherencespectrabetweenthetwo-waycouplingandtheﬂuidvelocity,
betweentheforcingandtheﬂuidvelocityandbetweentheforcingandthetwo-way
couplingwereinvestigatedinordertodeterminethecross-correlationcoeﬃcients
ateachwavenumbermode.Thespatialcoherencespectrashowthattheforcingis
moderatelycorrelatedwiththeparticlesatthewavenumberrangeitisacting(less
than0.17),butquicklydropstoverylowcorrelationvalues(lessthan0.001)outside
theforcingrange;thelatteriseﬀectivelyzerotowithinthecomputationalerror.
Similarly,itwasshownthattheforcingdoesnotaﬀecttheﬂuidvelocityoutside
itsworkingrange. Moreover,thephaseofthecombinedcross-spectrabetweenthe
forcingandtheﬂuidandbetweentheforcingandtheparticleswasexamined.The
resultsshowthatoutsidetheworkingrangeoftheforcing,thephaseofthesespectra
ﬂuctuatesrandomlybetween±180o.Thisindicatesthatatthesewavenumbersthe
forcingisuncorrelatedwithboththeﬂuidandtheparticles.Ontheotherhand,the
phaseofthecross-spectrumbetweentheﬂuidandtheparticleschangesfrom0oto
180owithincreasingwavenumbers.Thismeansthattheﬂuidisdirectlyinﬂuencing
theparticlesatlowwavenumbersbutatlargewavenumberstheparticlesinteract
withtheﬂuidstructuresandinduceﬂuidmotion.
Thetemporalevolutionoftheturbulentkineticenergyandtwo-waycouplingterm
wereinvestigatedinordertodetermineanalyticalywhetherthenewlyproposed
forcingaﬀectsthetwo-waycouplingspectrum.Theanalysisshowedthattheforc-
ingdidnotaﬀectthetwo-waycouplingterm.Theresultsofthisworkshowedthat
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thenewlyproposedforcingschemecanbeusedtoexamineforcedhomogeneous
andisotropicturbulencewithparticles.Thebeneﬁtofthisforcingschemeoverthe
forcingschemeofEswaranandPope(1988)isthattheschemeisinphysicalspace.
CodesthatareimplementedinphysicalspacedonotneedtoFouriertransform
quantities,therebyreducingthecomputationaltimeofthesimulation.
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5 Particle-ladenhomogeneous
isotropicturbulence
Abstract
Thischapterexaminesindetailthetwo-waycouplingmechanismandtheeﬀectof
inter-particlecolisionsinhomogeneousandisotropicturbulenceinordertoprovide
physicalinterpretationsontheseinteractions.Aseriesoffuly-coupledDirectNu-
mericalSimulationsofforcedhomogeneousandisotropicturbulenceareperformed
ona1283periodicboxoflength0.128mattwoTaylorReynoldsnumbers,35.4and
58.0,withparticlesofdiﬀerentStokesnumbersandvolumefractions.Theresults
showthatﬂuiddissipationdecreasesupto32%withincreasingStokesnumbersand
particlevolumefractions.Aspectralanalysisonthetwo-waycouplingrevealsthat
theparticlestransferenergyfromthelargetothesmalscales,therebyjustifying
theincreaseindissipationatthesmalscaleswhencomparedtosinglephase.Simu-
lationswithoutinter-particlecolisionsareperformedandtheresultsshowthatthe
colision-freeﬂuiddissipationincreasesbyupto7%comparedtothefuly-coupled
simulations.Finaly,amodelspectrumforthetwo-waycouplingisproposed.The
modelspectrumtakesintoaccountthefeaturesobservedinthevarioussimulations
anditisinverygoodagreementwiththeavailableDNSdata.
Partsofthischapterhavebeenpresentedin:
G. Malouppas, W.K.George,andB.G. M.Van Wachem. Homogeneousand
isotropicturbulenceladenwithparticlesofdiﬀerentStokesnumbers.In65thAn-
nual MeetingoftheAPSDivisionofFluidDynamics,SanDiego,USA,18-20
November,2012.
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5.1Introduction
Oneofthemostimportantandleastunderstoodmechanismsinparticle-ladentur-
bulenceisthetwo-waycoupling;i.e.theeﬀectthatturbulencehasontheparticles
andvice-versa.Inexperimentalstudiesitisacommonlyobservedphenomenon
thatparticlesmodifytheﬂowcharacteristicsofturbulence. Availableexperimen-
taldataforparticle-ladenﬂowshaveshownthattherootmeansquareﬂuctuations
aremodiﬁedbythepresenceofparticles(SchreckandKleis,1993;Kulicketal.,
1994;Hussainovetal.,2000).Unfortunately,therearenodeﬁniteconclusions,even
thoughmuchusefulinformationhasbeenobtainedbythesestudies.Thebehaviour
ofheavycolidingparticlessuspendedinHITinthepastfewdecadeshasbeenstud-
iedduetoitsimportanceinunderstandingparticle-turbulenceinteractions. Gore
andCrowe(1989)gatheredalargenumberofexperimentaldataandcomputedthe
changeinturbulenceintensitywithincreasingparticlediameter.Theydetermined
thatforacriticalparticlediametertointegrallengthscaleratiotheparticlescan
causetheturbulenceintensityoftheﬂuidtoeitherincreaseordecrease.Snyder
andLumley(1971)investigatedtheparticlevelocityautocorrelationfunctionsin
awind-tunnelwhichgeneratednearhomogeneousandisotropicturbulence. They
reportedthat,withintheexperimentalerrors,theEulerianﬂuidspatialcorrelation
hasasimilarshapeastheparticlevelocityautocorrelation,whichisaLagrangian
quantity. TheyalsoestimatedthattheEuleriantimescaleisthreetimeslarger
thantheLagrangiantimescale.SchreckandKleis(1993)investigatedtheeﬀectof
solidparticlesontheﬂuidenergyspectrumandreportedthatparticlesmodifythe
longitudinalandtransversespectra.Inparticular,theone-dimensionallongitudinal
spectrumatlargewavelengthsishigherwhencomparedtotherespectiveparticle-
freespectrum. Ontheotherhand,theenergyofthetransversespectradecreases
athighwavelengths. Theythenmentionedthatparticlesenhancethetransferof
energyfromthelargetothesmalscales,whichisinagreementwiththetheoretical
predictionofBawandPeskin(1971).ExperimentalstudiesofHITwithparticles
hassuﬀeredfromtheinabilitytoisolateandthusdeterminetheeﬀectsofthetwo-
waycouplingmechanism.
Ontheotherhand,thereisalargenumberofnumericalstudiesintheliterature
concerningHITladenwithparticles.StudieslikethoseofSquiresandEaton(1990);
Boivinetal.(1998)showthatinstationaryHIT,increasingthemassloading,φ,
modiﬁesthebehaviouroftheenergyspectrum.Inparticular,athighwavenumbers
theenergyincreasescomparedtothesingle-phaseenergyspectrum.Sundaramand
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Colins(1999)reportthatthelocationofaspeciﬁcwavelength(thecross-overpoint,
wherebeyondthispointthesingle-phaseenergyspectrumislowercomparedtothe
particle-ladenone)movestohigherwavelengthsastheresponsetimeofthepar-
ticles,τp,increases. However,otherstudiesofdiﬀerentTaylorReynoldsnumbers,
Reλ,suchastheoneofBoivinetal.(1998),donotshowthiscross-overpointwhen
single-phaseandparticle-ladenspectraarecompared.Thereareseveralproposals
intheliteratureexplainingthediﬀerentphysicalmechanismsconcerningparticle-
ladenHIT:(a)theeﬀectsofpreferentialconcentration,(b)theeﬀectsontheparticle
andﬂuidphasecorrelationfunctions,energyspectra,integralandTaylorlengthand
timescales,and(c)themodulationofturbulenceandtransferofenergyfromlarge
tosmalscalesandvice-versa(i.e.back-scatter).However,thereisnouniﬁedtheory
whichexplainsorpredictsalthesemechanismstogether(PoelmaandOoms,2006).
Asalreadymentioned,thetwo-waycouplingmechanisminvolvescomplicatedphysics
anditisnotameasurablequantity. ApartfromthetheoreticalworkofBawand
Peskin(1971),whopredictthattheparticlesmodifytheenergyﬂux,S(κ),ofthe
ﬂuidandthenumericalsimulationsofBoivinetal.(1998)whoilustratethespec-
tralmodiﬁcationofthistransfer,tobestoftheauthor’sknowledgethereisnoother
referenceintheliteraturediscussingthis.ThebasisofthetheoreticalworkofBaw
andPeskin(1971),however,isonthetwo-ﬂuidmodel;i.e.theﬂuidandparticles
arebothstatisticalyaveragedandconsideredascontinuous.Thedrawbackofsuch
methodsisthatalotofdetailsarelost,especialyathighfrequencies,duetothe
averagingrequired.Thusclosuresareneededviamodelsforboththeﬂuidturbu-
lenceandtheinter-phaseinteractions(Sommerfeldetal.,2008). AsBoivinetal.
(1998)pointout,theanalysisofBawandPeskin(1971)contradictstheresultsof
SquiresandEaton(1990)inforcedturbulenceandElghobashiandTruesdel(1993)
indecayingturbulence. Moreover,PoelmaandOoms(2006)concludethatinorder
toobtainthetwo-pointenergybalanceinspectralspace,BawandPeskin(1971)
applyasetofsimplifyingassumptionsthatareunrealistic,namely:(a)theparticles
donotrespondtoﬂuidﬂuctuationsbecausetheyareinertial,and(b)thetransfer
energyﬂuxfunctionhasasimilarexpressionasinsingle-phase(whichisquestion-
ablebecauseHITladenwithparticlesisadynamicalsystemandcertainlydoesnot
havethesamebehaviourassingle-phaseturbulence). Bycontrast,Boivinetal.
(1998)intheirworkincorporatetheparticle’sresponsetoturbulenceinthetransfer
energyﬂuxfunctiontherebyproposingamodelforthetransferfunctionoftheﬂuid
whenparticlesarepresent.
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Inmanypreviousstudies,suchasthoseofSquiresandEaton(1990),Ferranteand
Elghobashi(2003)andElghobashiandTruesdel(1993),computational(orstochas-
tic)particlesareusedinordertodecreasethecomputationalcostsofthesimulations.
However,asnotedbyElghobashi(1994),theratioofthecomputationaltorealpar-
ticlesmustbebetween1and100;otherwisethemeanrelativesquarevelocityv2rel
isunder-predicted.Therelativemeansquarevelocityisanimportantquantityas
itessentialygovernstheresponseoftheparticlesinturbulence. Asthisratioin-
creases,onecomputationalparticlerepresentsalargernumberofparticlesandin
two-waycoupledsimulationsthiscanresultinahigherforceactingontheﬂuid
leadingtotheunder-predictionofv2rel.Thiscanalsoleadtoanincorrectpredic-
tionofparticleclusteringsinceitstronglydependsonv2rel. Therefore,toavoid
theseissues,thisworkusesonlyrealparticles.
Theobjectiveofthischapteristorigorouslyinvestigateanddiscussthetwo-way
couplingmechanismbyperformingaseriesofDNSofHITona1283periodiccubic
box(oflengthLb=0.128m)ladenwithparticles.Inparticular,theeﬀectofvarying
theStokesnumber(St),theparticlevolumefraction(αp)andtheTaylorReynolds
number(Reλ)ontheenergyanddissipationspectraisinvestigatedandcompared
totheparticle-freeequivalentspectra. Mostimportantly,theeﬀectofparticleson
theﬂuidtransferfunctionisexaminedbyvaryingtheparticlevolumefraction.Ad-
ditionaly,theeﬀectofparticle-particlecolisionsontheﬂuiddissipationspectra
isinvestigatedtodeterminetheirimportance. Finaly,amodelspectrumforthe
two-waycoupling,whichisbasedonthesimulationresults,isproposed.Thischap-
terisorganisedinthreesections.Section5.2describesthesimulationset-upand
Section5.3comparesanddiscussesthenumericalresultswiththeaimofproviding
physicalinterpretationstotheobservations. Finaly,Section5.4summarisesthe
mainconclusionsofthischapter.
5.2SimulationsandConditions
Simulationsona1283periodicbox(Lb=0.128m)wereperformedwithﬂuidkine-
maticviscosityνf=1.47×10−5m2s−1andﬂuiddensityρf=1.17kgm−3with
particlevolumefractionof1.37×10−5. Theparticlesconsideredinthisworkare
sphericalandelasticwithaﬁxeddiameterofdp=67.6µm. Thisdiameteren-
suresthattheparticlesaremuchsmalerthantheKolmogorovmicroscale,which
isdp/ηκ=0.1. Thedensityoftheparticlesisvariedasfolows:150kgm−3,400
kgm−3,1000kgm−3,1500kgm−3,2000kgm−3,2500kgm−3,3000kgm−3,4000
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kgm−3,8000kgm−3,12000kgm−3and18000kgm−3inordertoobtainparticlesof
diﬀerentStokesnumbers.Additionalsimulationswithvaryingparticlevolumefrac-
tionαp(i.e.2.64×10−5,5.48×10−5and8.22×10−5)wereperformedforparticles
withdensitiesof2500kgm−3and12000kgm−3. Notethattheturbulentkinetic
energylevelsremainedconstantatabout6.52×10−3m2s−2.TheTaylorReynolds
number,Reλ,fortheaforementionedset-upis35.4.
ToinvestigatethemodiﬁcationofturbulenceathigherReλ,anothersetofsim-
ulationswithReλ=58.0wereperformedforfourcases;namely,particle-free,2500
kgm−3,8000kgm−3and12000kgm−3.Theturbulentkineticenergywaskeptcon-
stantat0.02963m2s−2.Finaly,inordertoexaminetheeﬀectofinter-particlecol-
lisions,ﬁveadditionalsimulationsignoringinter-particlecolisionswereperformed,
withparticledensitiesof150kgm−3,2500kgm−3and12000kgm−3atavolume
fractionofαp=1.37×10−5and2500kgm−3and12000kgm−3atavolumefraction
ofαp=8.22×10−5.Itshouldbementionedthatpost-processingstatisticswere
gatheredafter10integraltimescales(Tf,E)toensurestatisticalconvergenceand
sampledforatimeof20integraltimescalestoensurethatenoughstatisticsare
obtained.
5.3 Resultsanddiscussion
5.3.1 Modiﬁcationofdissipationrate
Figure5.1comparesthemodiﬁcationofthedissipationrate,ǫf,totheparticle-free
dissipationwithincreasingmassloading,φ,deﬁnedas
φ=αpρpρf (5.1)
SimilarsymbolsonFigure5.1indicateequalparticlevolumefractions.Hence,mov-
ingfromlefttorightatequalparticlevolumefractionsonFigure5.1theStokes
numberincreases. Thisisbecauseτκremainsalmostconstantforalsimulations
andonlyρpincreases.IncreasingtheStandαpresultsinadecreaseindissipation
ofupto32%;thisisfurtheraddressedinSec.5.3.2.Inaddition,inFigure5.1aﬁt
isproposedthatrelatesthedecreaseindissipationwiththemassloading,i.e.
ǫf
ǫf@φ=0 =
1
(1+φ)0.7 (5.2)
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Inotherstudies,suchasBoivinetal.(1998)andSquiresandEaton(1990),even
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Figure5.1: Modiﬁcationofthedissipationratewithreferencetothesinglephase
dissipationforbothReλ=35.4andReλ=58.0simulationsasafunction
ofmassloading,φ.
higherreductionsindissipationarequoted.Thisisattributedtothediﬀerentforc-
ingschemeusedinthiswork.OtherstudiesconcerningparticleladenHITpredom-
inantlyusetheforcingschemeofEswaranandPope(1988),whichkeepstherate
ofenergysupply(ortheamountofforcing)constant,whereasthecurrentforcing
schemekeepstheturbulencekineticenergyconstant.Notethatbothmethodsresult
inasystemwithaconstant,butdiﬀerent,turbulencekineticenergy.Thebasicdif-
ferenceofthecurrentforcingschemeisthattheamountofforcingis“freetomove”
toanystationaryvaluewhereastheforcingschemeofEswaranandPope(1988)is
ﬁxedtoapredeﬁnedvalue.Thisisimportantwhenparticlesareaddedtothesys-
tem.TheproposedforcingschemeofChapter3,theReλremainsthesame,whereas
withtheforcingschemeofEswaranandPope(1988)Reλismodiﬁedwhenparticles
areadded.Thiscanbefurtherexaminedbytakingtheevolutionoftheturbulence
kineticenergy(equation5.3)intoconsideration. Forsingle-phasestationaryHIT
theforcingtermbalancesthedissipation,hencetheequationdescribingthekinetic
energyoftheﬂuidis
∂q2f
∂t=F−ǫf=0 (5.3)
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whereF= vf,iTi andTiisgivenbyequation3.5. Thediﬀerenttermsofequa-
tion5.3areplottedagainsttimeinFigure5.2andFigure5.3forReλ=35.4and
Reλ=58.0respectively.Initialy,thevaluesfortheﬂuidintheboxwithoutparti-
clesareplotted.
Att=3.16sandt=3.46sforReλ=35.4andReλ=58.0,respectively,parti-
clesareaddedintothedomain. Hence,attheseinstancesthereisajumpinthe
amountofrequiredforcingandaninstantaneousdropinq2fbecauseofthemomen-
tumexchangewiththeparticles.Theparticlesactassinktermsandobtaintheir
energyfromtheﬂuid. Thiscausestheforcingschemetoincreasetheenergyinto
thesystem.Duetotheadditionofparticles,equation5.3isthereforemodiﬁedby
addingtheeﬀectofthetwo-waycouplingterm
∂q2f
∂t=F−ǫf+ǫp=0 (5.4)
whereǫp= vf,iΠi isthetermrepresentingtheexchangeofenergywiththepar-
ticles,whereΠiisgivenbyequation2.12.Again,instationaryHIT,thelefthand
sideofequation5.4iszero.InFigure5.2andFigure5.3,afteratransitionperiod,
theamountofforcingminustheﬂuiddissipation(F−ǫf)balancestheparticle
dissipation(ǫp).Thecurrentforcingschemealwaysreturnstheturbulencekinetic
energytothespeciﬁedvalue,therefore,itinherentlyaccountsfor:1)thepresence
ofthetwo-waycouplingterm,and2)thedissipationrateoftheﬂuid.
TheforcingschemeofEswaranandPope(1988)keepsthetotalamountofforc-
ingconstant. Hencethedissipationratedecreasesbyahigherpercentagethanin
thecurrentworkinordertocounteractthepresenceofthetwo-waycouplingterm
andthereforekeepthelefthandsideofequation4.16zero.Therefore,higherdrops
indissipationratescomparedtothecurrentworkarereportedbystudiesusing
forcingschemeswhichkeepFconstanttoapre-deﬁnedvalue.
5.3.2 Modiﬁcationofspectra
Figure5.4comparesthespectraoftheﬂuiddissipation(orenstrophy,whichdif-
fersbyonlybythekinematicviscosityinahomogeneousﬂow)ofthesinglephase
HITwithtwoparticleladencases,withparticlesofSt=3.1andSt=12.7at
Reλ=58.0. Thetotalﬂuiddissipationdropsfrom0.12593m2s−3(singlephase)
to0.12354m2s−3fortheparticle-ladencasewithSt=3.1(1.9%diﬀerence)and
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Figure5.2:Timeevolutionofturbulentkineticenergy,ﬂuiddissipation,forcingand
particledissipationatReλ=35.4forparticleswithSt=5.15.Noteat
t=3.16sparticlesareaddedtothedomainandtheforcingadaptstoa
newstationaryvalue.
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Figure5.3:Timeevolutionofturbulentkineticenergy,ﬂuiddissipation,forcingand
particledissipationatReλ=58.0forparticleswithSt=12.7.Noteat
t=3.46sparticlesareaddedtothedomainandtheforcingadaptstoa
newstationaryvalue.
to0.10525m2s−3forSt=12.7(16.4%diﬀerence).InFigure5.4forκ≥350the
relativemagnitudesoftheparticleladenspectraaresmalercomparedtothesingle
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phaseone;thisimpliesthatparticlesinteractanddampenﬂuidstructuresatthese
particularwavelengths.Inaddition,therelativemagnitudeofthespectradecreases
asStincreases.Inthiscase(Reλ=58.0)astheparticlesbecomemoreinertial,the
interactionofthesmalturbulencescalesandhencetheirattenuationoftheenergy
athighwavelengthsbecomesmoreimportant.
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Figure5.4: Dissipationspectrumofsingle-phaseandwithparticlesofSt=3.1,
St=9.2andSt=12.7atReλ=58.0.
Figure5.5comparestheﬂuiddissipationspectraofthesinglephasewithparti-
clesofdiﬀerentStokesnumbers(0.19,1.12,3.45and5.15)atReλ=35.4.Inthis
casetwodiﬀerentregionsareidentiﬁed:1)350≤κ≤2100theparticleladenspec-
traarerelativelylowercomparedtotheparticlefreespectrum. Thisdropisalso
Stokesnumberdependent,i.e.astheparticleStokesnumberincreasestheinterme-
diatescalesaredampenedbyahigherpercentage.2)κ>2100,theparticleladen
spectraarerelativelyhighercomparedtothesinglephasespectrum.Henceacross-
overpoint,κc≈2100,canbeidentiﬁed,alsodescribedbySundaramandColins
(1999).AfterthispointtheturbulentscalesforalStokesnumbersareaugmented.
Inaddition,thelocationofκc(eventhoughnotclearlyvisible)movestotheleftas
theStokesnumberincreases.
ReferringbacktoFigure5.1,theoveralbehaviouroftheparticlesmakestheﬂow
lessdissipativeastheStokesnumberincreases.However,Figure5.1doesnotprovide
informationonthewavenumberdependencyofthedissipationspectraatdiﬀerent
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Figure5.5: Dissipationspectrumofsingle-phaseandwithparticlesofSt=0.19,
St=1.12,St=3.45andSt=5.15atReλ=35.4.
TaylorReynoldsnumbers.Inotherwords,thereisnocross-overpointatReλ=58.0,
however,thereisoneatReλ=35.4.Thiscanbeexplainedbyexaminingthedy-
namicenergyequation
∂E(κ)
∂t =T(κ)−2νfκ
2E(κ)+Ψ(κ)+F(κ)=0 (5.5)
whereT(κ)isthethree-dimensionalnon-linearspectralenergytransferandΨ(κ)is
thethree-dimensionalspectraltwo-waycouplingenergyrateandF(κ)isthethree-
dimensionalforcingspectrum.Figure5.6comparestheshapeofthemagnitudeof
Ψ(κ)fordiﬀerentStokesandReλnumbers. ThisﬁgureshowsthatforalStokes
numbersatbothTaylorReynoldsnumbersthespectralbehaviourofthetwo-way
couplingcanbesplitintoanegativeandapositivepart.Figure5.6exhibitsatransi-
tionpoint,denotedasκ−,whereΨ(κ)crossestheκ-axis.Figure5.6isinqualitative
agreementwiththeworksofElghobashiandTruesdel(1993),SquiresandEaton
(1991b)andBoivinetal.(1998).Physicalythispointmarksthetransitionofthe
two-waycouplingspectralfunctionΨ(κ)frombeingdissipative(plottedascontin-
uouslinesinFigure5.6)topuretransferofenergytothesmalscales(plottedas
dottedlines).Hence,Ψ(κ)showsthatparticlestransferapartoftheenergyfrom
thelargescalesoftheﬂuidtothesmalscales,whichisthendissipatedbytheﬂuid.
Thisexplainsthesmaljumpinκ2E(κ)atκ>2100inFigure5.5.Therestofthis
energyisdissipatedbytheparticlesthemselves,becausetheoveralintegralofΨ(κ)
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isnon-zero,i.e.
∞
0
Ψ(κ)dκ=ǫp (5.6)
whereǫpistheoveraldissipationcausedbytheparticles. Generaly,theshape
ofthespectraltwo-waycouplingenergyratehasasimilarbehaviourasthethree-
dimensionalnon-linearspectralenergytransferwiththediﬀerencethattheintegral
ofT(κ)iszero,i.e.
∞
0
T(κ)dκ=0 (5.7)
Asalreadymentioned,thespectralshapeofΨ(κ)atdiﬀerentReλhasanimpor-
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Figure5.6:Spectraltwo-waycouplingenergyrateforsimulationsofReλ=35.4
andReλ=58.0atvariousStokesnumbers. Notethatthecontinuous
linesdenotethenegativepartofthespectrumandthedottedlinesthe
positivepart.
tanteﬀectontheactualshapeofκ2E(κ).ThespectralbehaviourofΨ(κ)changes
signiﬁcantlywithStandReλ.Figure5.7comparesR,deﬁnedastheratioofthe
areaofthenegativeparttotheareaofthepositivepartofΨ(κ),i.e.
R=
κ−
0 Ψ(κ)dκ− ∞κ−Ψ(κ)dκ∞
κ−Ψ(κ)dκ
(5.8)
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Thisratiorepresentsthetotalenergydissipatedbytheparticlestotheenergytrans-
ferredbytheparticlesfromthelargetothesmalscales.Ifthisratioislarge,then
thetransfermechanism(thetransferofenergyduetotheparticlestothesmal
scales)becomeslesssigniﬁcant;i.e.theparticlesarenearlypurelydissipative.For
Reλ=58.0andforsmalStatReλ=35.4thisratioisveryhigh;thereforethetrans-
ferprocesscausedbytheparticlesinthesecasesisinsigniﬁcant.Thisexplainsthe
presenceofthecross-overpoint,κc,foralimitednumberoftestcases;i.e.forhigh
StatReλ=35.4. Moreover,insimulationswithhighStparticlesatReλ=35.4,
thepositivepartofΨ(κ)isveryimportantbecauseitisthispartofthespectrum
thatcausesthejumpinthecorrespondingκ2E(κ)spectrum.Infact,thelocation
ofκcalmostcoincideswiththewavelengthatthepeakofthepositivepartofΨ(κ).
Ifthespectrumofthecombinedκ2E(κ)+Ψ(κ)isplotted,boththecross-overpoint
andthejumpdisappear. ThismeansthathighStokesnumberparticlesgenerate
smalscaleswhicharethendissipatedbytheﬂuid,whichsupportstheargumentof
Chapter4thatparticlesathighwavelengthsgenerateﬂuidmotion.Notethatfor
theexaminedcasesR>1,meaningthattheparticlesoveralarealwaysdissipating
energy.
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Figure5.7: Comparisonofnegativeareawithpositiveareaofthespectraltwo-
waycouplingenergyrateΨ(κ)byvaryingαpandtheStokesnumberat
Reλ=35.4andReλ=58.0.
Figure5.8showshowthetransitionpointκ−forthediﬀerentsimulationschanges
locationinwavenumberspace. Thelocationofthetransitionpointκ− onΨ(κ)
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Figure5.8: Wavelengthpointoftransitionfromnegativetopositivebyvaryingαp
andtheStokesnumberatReλ=35.4andReλ=58.0.
changesaccordingtotheStokesandTaylorReynoldsnumbers.Forparticleswith
St≪ 1atReλ=35.4,κ−islargerthantheKolmogorovwavelength(κη=1500).
Theeﬀectoftheseparticlesontheﬂuiddissipationandtherespectivespectralshape
isminimal,whichisconsistentwiththemagnitudeoftheratioR. Moreover,the
totaldissipationcausedbytheparticlesisverysmalsincetheﬂuiddissipation
doesnotchangemuch.AtReλ=35.4,thereisadiscontinuityaroundSt≈1.0in
bothFigure5.7andFigure5.8.AttheseStokesnumbers,theratioRapproaches
1(especialywhentheparticlevolumefractionincreases),whichimpliesthatΨ(κ)
approachesthebehaviourofthenon-linearspectralenergytransferT(κ).Therefore,
attheseStokesnumbers,theoveralﬂuiddissipationisrelativelyunchanged,butthe
transfer(orpositive)partofΨ(κ)becomessigniﬁcantthuscreatingthecross-over
pointκconκ2E(κ).Thismeans,thatparticleswithStokesnumbersnearunityare
almostnon-dissipativeandactasanadditionalmechanismwhichtransfersenergy
fromthelargetothesmalscales.Thiscanbejustiﬁedbythewaythatparticles
ofSt≈1.0preferentialyconcentratetocreatevoids(orlargeemptyspaces;simi-
larlyobservedbyGotoandVassilicos,2006);showninFigure5.9forparticleswith
St=0.07,St=1.12andSt=5.15atReλ=35.4.EventhoughforhigherStokes
numbers(St>3)atReλ=35.4theratioRincreases,themagnitudeofΨ(κ)at
highwavelengthsisofthesameorderasthecorrespondingdissipationspectrum.
Thisisconsistentwiththeexistenceofthecross-overpointonκ2E(κ)inFigure5.5.
Moreover,thelocationofκ−hasanexponentialbehaviourandforαp=1.37×10−5
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Figure5.9: Preferentialconcentrationofparticlesinthex-planeof(a)St=0.07,
(b)St=1.12and(c)St=5.15atReλ=35.4andαp=1.37×10−5.
itisﬁttedby,
κ−=κo 0.5exp −
√St+0.55 (5.9)
109
Chapter5:Particle-ladenhomogeneousisotropicturbulence
whereκoistheﬁrstcross-overpointforthelightestparticles. Onthesameﬁgure
threeadditionalpointsforReλ=58.0areplotted.InFigure5.8anotherﬁtis
proposedforthehigherReλ,givenby
κ−=1.64κo 0.5exp −
√St+0.55 (5.10)
wherethefactor1.64istheratioofthetwoTaylorReynoldsnumbersofthesimu-
lations.
5.3.3 Eﬀectsofparticlevolumefraction
Thissectioninvestigatestheeﬀectofincreasingtheparticlevolumefraction,αp,on
theﬂuiddissipationspectrum,thetwo-waycouplingenergyratespectrumandthe
non-linearenergytransferspectrum.Theparticlevolumefractionstestedwithtwo
setsofdiﬀerentparticleswithdensities2500kgm−3and12000kgm−3atReλ=35.4;
theStokesnumbersare1.12and5.15respectively.Theparticlevolumefractionsare
variedtogiveαp=1.37×10−5(Np=223,520),αp=2.74×10−5(Np=427,548),
αp=5.48×10−5(Np=833,821)andαp=8.22×10−5(Np=1,216,768).
Figure5.10comparesthesinglephasedissipationspectrumwiththerespectivemul-
tiphasespectra. Thesinglephaseﬂuiddissipationdropsby10.0%,17.0%,22.5%
and32.3%withincreasingparticlevolumefractionrespectively,whichmeansthat
theincreasedpresenceofparticlesfurtherlowerstheﬂuiddissipation.Inaddition,
thetwoaforementionedregionsatReλ=35.4(seeFigure5.5)arenowmoreen-
hanced. Thedropofthespectraatintermediatewavelengthsandtheincreaseof
thespectraafterthecross-overpointaremorepronounced.However,thevalueof
κ−remainsapproximatelythesameasshowninFigure5.8.Thissupportstheargu-
mentoftheexistenceofthetworegionsonκ2E(κ)atReλ=35.4.Inaddition,the
increasednumberofparticlesaugmentturbulenceathighwavelengths(κ>2100)
whichmeansthatanincreaseintherelativenumberofparticlesleadstoanincrease
inthetransferofenergyfromthelargescalestothesmalscales.Atintermediate
wavelengths(350≤κ≤2100)theturbulenceattenuationincreaseswithincreasing
particlevolumefraction,αp,whichimpliesthatparticlesremoveenergyfromthese
scales(intheinertialsub-range)andtransferittothesmalscales.
TherelativemagnitudeofΨ(κ),plottedinFigure5.11fordiﬀerentαp,indicates
thatbyincreasingαpthetransferofenergytosmalscalesisenhancedandalso
thedissipationcausedbytheparticlesisincreased. Thisisimportantbecauseby
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Figure5.10: DissipationspectrabyvaryingαpforparticleswithSt≈5.0atReλ=
35.4.
increasingthevolumefractionoftheparticlesthedissipationspectrumoftheﬂuid
andthetwo-waycouplingspectrumaresigniﬁcantlyaﬀected.Consequently,bycon-
sideringequation5.5,theincreaseinparticleconcentrationhasanimportanteﬀect
onthenon-linearenergytransferspectrum,whichisplottedinFigure5.12.Athigh
wavelengths,theforcinghasnoeﬀect,whichisdiscussedinChapter4.Atκ>500
thenon-lineartransferfunctiondecreaseswithincreasingparticlevolumefraction.
Thisisbecause,lesstransferofenergyfromthelargetothesmalscalesoccursdue
totheincreasedinﬂuenceofparticles.Thissupportstheaforementionedargument
thatparticleshaveasigniﬁcanteﬀectontheactualtransferofenergyfromthelarge
tothesmalscales.Inotherwords,byincreasingtheparticlevolumefractionthe
transferofenergytothesmalscalescausedbytheparticlesisenhanced.
Figure5.13comparesthespectraoftheviscousdestructionofdissipationκ4E(κ)
fortheparticle-ladencasesatαp=1.37×10−5andαp=8.22×10−5withthe
correspondingspectruminsinglephase. Atlowwavelengthstheparticlesdonot
aﬀecttheviscousdestructionofdissipation,however,theyinﬂuenceitatκ>500.
Particlesnowsuppresstheviscousdestructionofdissipationbecauseofthepresence
ofananalogousparticledestruction/creationdissipationspectrum,κ2Ψ(κ).Byin-
creasingαptheeﬀectofκ2Ψ(κ)onκ4E(κ)increases.Theequationdescribingthe
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Figure5.11:Spectraltwo-waycouplingenergyrateforsimulationsofReλ=35.4at
variousαpandSt≈5.0.Notethecontinuouslinedenotedthenegative
partofthespectrumandthedottedlinethepositivepart.
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Figure5.12:Non-linearﬂuidtransferspectraofvariousαpwithparticlesofSt=5.15
atReλ=35.4.
dynamicdissipationratecanbeexpressedas
∂ǫf(κ)
∂t =κ
2T(κ)−2νfκ4E(κ)+κ2Ψ(κ)+κ2F(κ)=0 (5.11)
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whereκ2T(κ)istheproductionofdissipation,νfκ4E(κ)istheviscousdestructionof
dissipation,κ2Ψ(κ)isthedestruction/creationofdissipationcausedbytheparticles
andκ2F(κ)isthecontributionoftheforcingterm.AscanbeseenfromFigure5.13,
κ2Ψ(κ)forαp=1.37×10−5isalwaysnegative(shownascontinuouslinesinFig-
ure5.13),meaningthattheparticlesinthiscaseonlydestructdissipation,hence
theyonlydissipateenergy. Whereas,forαp=8.22×10−5,κ2Ψ(κ)hasnegativeand
positivepartsmeaningthattheparticlesdestructdissipationatlowwavelengths
andproducedissipationathighwavelengths.Thissupportstheargumentthatpar-
ticlesinteractwithturbulenceandtransferenergyfromthelargescalestothesmal
scaleswherebythatenergyisdissipatedbytheﬂuidandtherestoftheenergyis
dissipatedbytheparticles.
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Figure5.13:Viscousdestructionofdissipationspectraanddestruction/creationof
dissipationduetoparticlesbyvaryingαpforparticleswithSt=3.1at
Reλ=58.0.
5.3.4 Eﬀectofparticle-particlecolisions
Thepurposeofthissectionistoinvestigatetheeﬀectofparticle-particlecolisions
ontheﬂuiddissipationspectraofHITcontaininglight,intermediateandheavypar-
ticles.ThreesimulationsofparticleswithSt=0.07,St=1.12andSt=5.15are
performedatReλ=35.4andαp=1.37×10−5.Figure5.14comparestheﬂuiddissi-
pationspectraforsimulationswithandwithoutcolisionsforparticlesofSt=0.07,
St=1.12andSt=5.15atReλ=35.4andαp=1.37×10−5.Foralcaseswithout
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colisions,thedissipationspectracomparedtothecorrespondingdissipationspectra
includingcolisionsareaugmentedonlyathighwavelengths(κ>κη).Inaddition,
thereissomeaugmentationintheinertialrangebutthechangeisnotsigniﬁcant.
Furthermore,theﬂuiddissipationforthecolision-freecasesincreasesby7.0%for
theSt=0.07case,by7.7%fortheSt=1.12caseandby5.0%fortheSt=5.15
case.Eventhough,thepercentagediﬀerencesaresigniﬁcant,thesearenotclearly
visibleinFigure5.14.Theseobservationsareduetotheabsenceofcolisions,which
moderatelyaﬀectthedistributionofparticlesinthedomainandinturnaﬀectthe
shapeofthedissipationspectra,especialyatlargewavenumbers.
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Figure5.14: Comparisonofdissipationspectraforsimulationswithandwithout
inter-particlecolisionsforparticleswithSt=0.07,St=1.12and
St=5.15atReλ=35.4andαp=1.37×10−5.
TofurtherinvestigatethiseﬀecttwoadditionalsimulationsarestudiedwithSt=
1.12andSt=5.15atReλ=35.4withhigherparticlevolumefractions(αp=
8.22×10−5). Figure5.15comparesthedissipationspectraforsimulationswith
andwithoutparticle-particlecolisions. Thesameaugmentationisobservedasin
Figure5.14,butisnotsoeasilydistinguishable. Thisindicatesthattheabsence
ofparticle-particlecolisionsmoderatelyaugmentstheﬂuiddissipationspectrumat
highwavelengthscomparedtothecaseswhereparticlecolisionsaretakenintoac-
count.Additionaly,theﬂuiddissipationinthesecasesincreasesbyabout2%and
5%forSt=1.12andSt=5.15,respectively.Theonlypossibleexplanationforthis
behaviouristhattheabsenceofparticlecolisionsaﬀectsthepreferentialconcen-
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trationofparticles.Thetwo-waycouplingterm,therefore,localychangeswhichin
turnaﬀectsthelocalﬂuidvelocitygradientsandthustheoveralﬂuiddissipation.
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Figure5.15: Comparisonofdissipationspectraforsimulationswithandwithout
inter-particlecolisionsforparticleswithSt=1.12andSt=5.15at
Reλ=35.4andαp=8.22×10−5.
5.3.5 Modelspectrumfortwo-waycoupling
Intwo-waycoupledsimulations,asshownbytheDNS,particlescauseanadditional
dissipation,denotedasǫp.Inthissectionamodelspectrumisproposedforthetwo-
waycouplingspectrumwhichisvalidfortheintermediateandsmalscales.Thisis
givenby
Ψ(κ)=νfC∗ǫ2/3p κ1/3exp −Bκηκ 1− κκ− (5.12)
whereνfistheﬂuidviscosity,ηκistheKolmogorovlengthscale,C∗andBarecon-
stants.Theexpression[1−κ/κ−],satisﬁesthetransitionofthetwo-waycoupling
spectrumfromdissipative(ornegative)totransferofenergytothesmalscales(or
positive).Additionaly,ǫpisthetotalparticledissipationwhichisknownapriori.
ThemodelconstantsC∗andBarechoseninordertosatisfytheparticledissi-
pationatlargewavenumbers,denotedasǫ∗p,givenas
ǫ∗p=
∞
κmin
Ψ(κ)d(κ) (5.13)
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Figure5.16ilustratestheperfomanceofthemodelspectrum,equation5.12under
diﬀerentReλ,Standαp.Inaddition,Table5.1,showsthevaluesoftheconstants,
C∗andB,thatareusedforeachcorrespondingcaseinFigure5.16.Theratio,Rǫ∗p,
whichisdeﬁnedastheratiobetweenǫ∗pcomputedfromtheDNSsimulationsand
ǫ∗pintegratedfromthemodelspectrum.Itisimmediatelyapparentthatinorderto
keepRǫ∗pnearunity,C∗andBhaveasomewhatlargevariability. Therefore,the
variablesC∗andBhavetobecorrectlymatchedinordertoobtainthecorrectvalue
ofǫ∗pforeachcase.Figure5.16showsthatthemodelisinverygoodagreementwith
theDNSdata.
Table5.1: Modelconstantsofequation5.12. Particledissipationcomputedthe
DNSandequation5.12.
Figure5.16 ǫ∗p(DNS) ǫ∗p(model) Ratio,Rǫ∗p C∗ B(a) 1.6158×10−5 1.6613×10−5 1.0281 1.5 5.0
(b) 2.5969×10−5 2.6491×10−5 1.0200 1.5 5.2
(c) 7.5118×10−5 7.4784×10−5 0.9955 2.4 5.9
(d) 1.7268×10−4 1.7339×10−4 1.0041 2.3 5.1
(e) 2.0098×10−4 2.0151×10−4 1.0026 2.18 5.1
(f) 1.6084×10−3 1.5930×10−3 0.9904 3.2 6.8
(g) 2.7156×10−3 2.6923×10−3 0.9914 3.2 6.6
(h) 2.0054×10−4 1.9938×10−4 0.9943 2.7 6.0
5.4Summaryandconclusions
Thischapterrigorouslyinvestigatestheinter-phasemomentumexchangeandthe
eﬀectofinter-particlecolisions. Aseriesoffuly-coupledDirectNumericalSimu-
lationsofforcedhomogeneousandisotropicturbulencewereperformedona1283
periodicboxoflength0.128matReλ=35.4andReλ=58.0. Turbulencewas
sustainedviathenewlyproposedforcingschemepresentedinChapter3.
ParameterssuchastheparticlesStokesnumberandparticlevolumefractionwere
variedinordertoexaminetheireﬀectonﬂuiddissipationrate. Thesimulation
resultsshowthattheﬂuiddissipationdecreasesupto32%withincreasingStokes
numbersandparticlevolumefractions. Byexaminingtheevolutionoftheturbu-
lencekineticenergywithtime,itwasconcludedthatthetwo-waycouplingactsas
anoveraladditionaldissipativeterm.Thetwo-waycouplingterm,therefore,mod-
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Figure5.16:Comparisonoftwo-waycouplingspectracomputedfromtheDNSsim-
ulationsandthemodelspectrumproposedbyequation5.12
iﬁesthebalancebetweentheforcingandﬂuiddissipationwhencomparedtothe
singlephaseturbulence.
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Thesimulationresults,also,showthatthedissipationspectraatthetwoTaylor
Reynoldsnumbersshowdiﬀerentbehaviour.Inparticular,thedissipationspec-
trumatReλ=35.4atintermediatewavelengthsisattenuated,however,athigh
wavelengthsturbulenceisaugmentedbytheparticlesexhibitingacross-overpoint
whencomparedtosinglephase. WhereasthedissipationspectrumatReλ=58.0
isonlyattenuatedbytheparticleswithoutexhibitingacross-overpointwhencom-
paredtosinglephase. Thisisattributedtotheshapeandrelativemagnitudeof
thetwo-waycouplingspectrum.Theshapeofthetwo-waycouplingspectrumindi-
catesthattheparticlestransferenergyfromthelargetothesmalscaleswherethe
energyisdissipatedbytheﬂuidandtherestbytheparticlesthemselves. Adding
thedissipationandtwo-waycouplingspectramakesboththecross-overpointand
thejumpofthedissipationspectradisappear,emphasisingthatthemagnitudeof
thetwo-waycouplingisimportant.Thisfurthersupportstheargumentthatpar-
ticlesathighwavelengthsgenerateﬂuidmotionwhichisthendissipatedbythe
ﬂuid.Additionaly,byincreasingtheparticlevolumefraction,theresultsshowthat
themodiﬁcationoftheﬂuidnon-lineartransferfunctionbecomesmorepronounced.
Thismodiﬁcationfurthershowsthattheparticlesthemselvestakepartintheactual
transferprocessofenergyfromthelargetothesmalscales.
Theeﬀectofignoringtheparticle-particlecolisionsontheﬂuiddissipationspectra
wasalsoexamined.Theresultsshowthattheﬂuiddissipationincreasesupto∼7%
comparedtothefuly-coupledsimulations,evenforthesedilutecases. Thisisat-
tributedtothefactthatthepreferentialconcentrationofparticlesismodiﬁedwhich
aﬀectsthelocalﬂuidvelocitygradients.Finaly,thisworkproposesanewmodel
spectrumwhichdescribesthebehaviourofthetwo-waycoupling.Thisspectrumis
validforwavenumbersintheinertialrangeandaboveandalsotakesintoaccount
thevariousobservedfeaturesdiscussedinthisstudy.Themostimportantfeature
ofthismodelistheabilitytopredictthetransitionofthespectrum;i.e.frombeing
dissipativetotransferringenergytothesmalscalesoftheﬂuid.Itisshownthat
themodelspectrumisinverygoodagreementwiththeavailableDNSdata.
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6Lagrangianstatisticsin
particle-ladenhomogeneousand
isotropicturbulence
Abstract
Thepurposeofthischapteristoexaminedispersionofparticlesandtheirpairsinho-
mogeneousandisotropicturbulence.AseriesofDNSsimulationsona1283periodic
cubicboxatReλ=35.4andReλ=58.0andvariousStokesnumbersareperformed.
Thedispersionofsingleparticles,particlepairsandﬂuid-particle/discreteparticle
pairsisexamined.ThewelknowntheoryofTchenC.M.,Meanvalueandcorrela-
tionproblemsconnectedwiththemotionofsmalparticlessuspendedinaturbulent
ﬂuid.PhDthesis,DelftUniversity,1947andHinzeJ.O.Turbulence. McGraw-Hil
NewYork,2ndedition,1975describingtheparticleagitationisalsoexamined.The
resultsshowthatthistheorycannotcorrectlypredicttheparticleenergyspectrum
forparticleswithSt≈1.0.Thisisduetotherestrictiveassumptionofthetheory
whichstatesthatadiscreteparticledoesnotchangeitsﬂuidenvironment.Examin-
ingthedispersionofﬂuid-particle/discreteparticlepairsrevealsthatthecovariance
displacement,whichrelatesthemotionoftwoparticlepairs,isveryimportant.This
terminitialykeepstheﬂuid-particleanddiscrete-particlepairscorrelatedtoeach
other. Moreover,atlongdiﬀusiontimes,thiscovariancereachesaplateau,thelevel
ofwhichisStokesnumberdependent. ThemodiﬁcationofthesecondorderLa-
grangianstructurefunctionduetotheparticlesisalsoinvestigatedandtheresults
showthattheKolmogorov“constant”isdependentonbothReλandSt,withvalues
rangingfrom2.2to3.2.Finaly,theparticlepairdispersionwithasetofdiﬀerent
initialseparationsisexamined.Theresultsshowthatforshortdiﬀusiontimesthe
rootmeansquareseparationofdiscreteparticlesdeviatesfromtheircorrespond-
ingﬂuid-particles,whichoccupythesamelocationinitialy,andthiseﬀectbecomes
morepronouncedastheStnumberoftheparticlesincreases. Additionaly,the
rootmeansquareseparationofdiscreteparticlesislargercomparedtotheequiv-
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alentﬂuid-particleseparation,whichsuggeststhatdiscreteparticlepairsbecome
uncorrelatedfaster.
6.1Introduction
Turbulencetransportisanimportantmechanismgoverningthediﬀusionofquan-
titiesinrealﬂowsandconcernsmanyengineeringapplicationsandenvironmental
processes. Theimportanceofusingsimpliﬁedﬂows,suchasforcedhomogeneous
andisotropicturbulence,inordertoisolateandexamineimportantfeaturesoftur-
bulenceisdiscussedinChapter3.TennekesandLumley(1972)rightfulymention
thatthelargediﬀusionratespresentinturbulentﬂowsareduetotheturbulence
transport.Itis,therefore,ofinteresttoquantifyandunderstandtheunderlying
physicsbecausetheseprovidetheappropriatebenchmarktoolstopredictsuchpro-
cesses.Inparticular,abetterunderstandingofturbulencetransportmechanisms
wilresultintheimprovedpredictionofparticle-pairdiﬀusioninturbulence,which
isespecialyimportantfortheformulationofstochasticmodels.Severalclassical
studies,suchasthoseofRichardson(1926);Batchelor(1952);Kraichnan(1966),
provideusefulinformationandmodelsconcerningthediﬀusionofpairsofﬂuid-
particles(ornotionalparticles)inturbulence.
Afarmoreimportantimplicationofturbulencetransportisonthediﬀusionof
realparticlesinﬂows. Theﬁrstanalyticalstudyconcerningthediﬀusionoflight
particlessuspendedinturbulencewasperformedbyTchen(1947),wholinearised
thewelknownBBOequationofmotionofadiscreteparticle. Otherimportant
studiescanbefoundintheliterature,suchasthoseofCorrsinandLumley(1956);
Friedlander(1957);Hinze(1975);MaxeyandRiley(1983).Unfortunately,experi-
mentalstudieswerequitelimitedinobtainingusefuldataconcerningthediﬀusion
ofparticlesinfulydevelopedturbulenceasdiscussedbyMoninandYaglom(1975).
Thisisespecialytrueforthedispersionoftwoparticle-pairsinturbulence.Biferale
etal.(2005)mentionthatalthoughtherearesuccessfulexperiments,suchasthose
ofSnyderandLumley(1971)andLaPortaetal.(2001),concerningsingle-particle
dispersionthereareevenlessexperimentalstudiesfocusingontheparticle-pairdis-
persion.Forexample,OttandMann(2000)testthemodelsproposedbyRichardson
(1926),Batchelor(1952)andKraichnan(1966).Biferaleetal.(2005)concludethat
particle-ladenDNSstudiesarestiltheprimarywaytoobtainLagrangianstatistics
inordertoevaluatetheoreticalresultsandeventestmodels.
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Thischapterinvestigatesthedispersionofindividualparticles;bothﬂuid-particles
anddiscreteparticlesofdiﬀerentStokesnumbersinforcedhomogeneousandisotropic
turbulenceattwoTaylorReynoldsnumbers;namelyReλ=35.4andReλ=58.0.
Themodiﬁcationofthetemporalenergyspectra,withtheaidoftheTchen-Hinze
theory(Tchen,1947;Hinze,1975),andthesingle-particledispersionareexam-
inedforvariousStokesnumberparticles(St=0.07,St=1.12andSt=5.15
atReλ=35.4andSt=3.1,St=9.7andSt=12.7atReλ=58.0). Themod-
iﬁcationofthesecondorderLagrangianstructurefunctionbytheparticlesisalso
evaluated,andthevaluescorrespondingtotheKolmogorov“constant”foreachsim-
ulationarepresented. Moreover,thedispersionofparticlepairsisanalysedinview
ofthetheoreticalstudiesofRichardson(1926)andBatchelor(1952).
6.2Fluidparticletracking
Toexaminethedispersionofﬂuid-particles,analgorithmsimilartoYeungandPope
(1988)isdeveloped. Thisalgorithmtracksmathematicalpointsinthedomain.
Fluid-particlesareaddedinthedomainatidenticalpositionsoftheircorresponding
discreteparticles.Inotherwords,eachﬂuid-particlehasa“twin”discreteparticle.
YeungandPope(1988)mentionthatthereareﬁvediﬃcultiesleadingtoapoor
accuracyconcerningthedispersionofﬂuidparticles:(a)itisknowntheoreticaly
thatatlongdiﬀusiontimesﬂuid-particlesdisperseexponentialy(asalreadyshown
inSec.3.5.3)andhenceanynumericalerrorsthatoriginatefromtheintegration
schemecanincreasesigniﬁcantly,(b)ifthegridresolutionisnotreﬁnedenough
(i.e.κmaxηκ<1)incorrectLagrangianvelocitiesmaybeobtained,(c)ifthetempo-
ralresolutionisnotsuﬃcient(i.e.thetimestepisverylarge)incorrectpredictions
aremadeoftheLagrangianvelocity,(d)errorsthatoriginatefromtheinterpolation
scheme,again,resultinanincorrectLagrangianvelocity,and(e)averylargenum-
berofﬂuid-particlesareneededtocorrectlycomputetheLagrangianstatisticsand
theresultssuﬀerfromstatisticalerrors.
Theequationofmotionofaﬂuid-particleisdeﬁnedas
∂x+f,i(t)
∂t =v
+
f,i(t) (6.1)
wherethesuperscript+denotesaLagrangianquantity,x+f,i(t)istheﬂuid-particle
positionattimetandv+f,i(t)isthevelocityoftheﬂuid-particleattimetobtained
fromtheEulerianﬁeldbytheinterpolationscheme.Theinitialpositionandvelocity
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oftheﬂuid-particlesatt=t0are
x+f,i(t0)=x+p,i(t0) (6.2)
v+f,i(t0)=v+f@p,i(t0) (6.3)
wherex+p,i(t0)istheinitialdiscreteparticlepositionandv+f@p,i(t0)istheﬂuidve-
locityinterpolatedtothepositionoftheparticle. Equation6.3meansthatthe
ﬂuid-particleinitialyadoptstheﬂuidvelocity“seen”bythediscreteparticle.This
enablestheexaminationoftheﬂuid-particle/discrete-particlepairdispersion.Note
thatforthesinglephasesimulations,ﬂuid-particlesareaddedrandomlyinthedo-
mainandthecorrespondingvelocityisdirectlyinterpolatedfromtheEulerianﬁeld.
6.3Simulationsandconditions
FulycoupledDNSsimulationsofforcedturbulenceofReλ=35.4andReλ=58.0
ina1283periodiccubicboxoflength0.128mwereperformedwithﬂuidkinematic
viscosityνf=1.47×10−5m2s−1andﬂuiddensityρf=1.17kgm−3. Thedensity
oftheparticleswasvariedinordertoobtainawiderangeofStokesnumbers.
Inparticular,theStokesnumberoftheparticleswasSt=0.07,St=1.12and
St=5.15atReλ=35.4andSt=3.1,St=9.2andSt=12.7atReλ=58.0.
Theparticlevolumefractionwasαp=1.37×10−5,correspondingtoNp=223,520
particles.Inaddition,Nfp≈22,000ﬂuid-particleswererandomlyaddedintothe
domain.
6.4 Resultsanddiscussion
6.4.1Singleparticlebehaviourinturbulence
Thepurposeofthissectionistoinvestigatethedispersionofindividualdiscretepar-
ticlesinturbulence.Thediscreteparticledispersionisthencomparedtoanalytical
resultsandthecorrespondingdispersionofﬂuid-particles. Moreovertherelation-
shipofthetemporalenergyspectraandthetemporalautocorrelationsareexamined
withreferencetothewelknownTchen-Hinzetheory(Tchen,1947;Hinze,1975).
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6.4.1.1 Particledispersion
Thissectioncomparesthesingleparticledispersionofdiscreteparticlesandﬂuid-
particles.Inparticular,inthissectionthreediﬀerenttypesofparticlesareconsidered
withStokesnumbersof0.07,1.12and5.15atReλ=35.4. Figure6.1compares
themeandisplacementoftheparticlesandthecorrespondingdisplacementofﬂuid
particlesinsinglephaseturbulence. Notethatthemeansquaredisplacementof
ﬂuid-particles,∆y2f(t)isdeﬁnedbyEquation3.24,whichisrepeatedbelow
∆y2f(t)= 1Nfp
Nfp
x+f,i(t)−x+f,i(0)2
whereNfpisthetotalnumberofﬂuid-particlesinthedomain.Subscriptfdenotes
aﬂuid-particle,whereassubscriptpdenotesadiscreteparticle.1 Figure6.1shows
thattherootmeansquaredisplacementofﬂuid-particlesinsingle-phaseturbulence
isslightlylowercomparedtothecorrespondingdisplacementinparticle-ladentur-
bulence. Thisisbecauseofthepresenceandinteractionofthediscreteparticles
withtheﬂuid. Thismeansthatthetwo-waycouplingtermthatarisesfromthe
discreteparticlesmodiﬁesthemeansquaredisplacementofﬂuid-particles,giving
themahigherdisplacementataltimes. Comparedtosingle-phase,bothintegral
andTaylorlengthscalesoftheﬂuid-particlesincrease;seeTable6.1.Equation3.22,
whichisrepeatedbelow,
∆y2f(t)=2v2ftTf,L,
impliesthatthemeandisplacementoftheﬂuid-particlesintheparticle-ladencases
ishighereventhoughv2f remainsthesame.Thus,ﬂuid-particlesinparticle-laden
turbulenceatlongtimestendtodiﬀusefurtherawayfromtheirorigincomparedto
ﬂuid-particlesinsingle-phaseturbulence.
InFigure6.1,therootmeansquaredispersionofﬂuid-particlesandthecorrespond-
ingdispersionofdiscreteparticlesarealsocomparedwitheachother.Lightparticles
(St=0.07)behaveasﬂuid-particlesandhencetheirdispersionisalmostidenticalto
thedispersionofthecorrespondingﬂuid-particles.Heavyparticles(St=5.15)have
asimilardispersionwithﬂuid-particlesatlongdiﬀusiontimes(t≫Tf,L)butnotat
shortdiﬀusiontimes.AsshowninTable6.1,theintegralandTaylortimescalesof
theheavyparticlesareaboutdoublecomparedtothecorrespondingﬂuid-particles.
Bycontrast,theparticleturbulencekineticenergy,q2p,oftheheavyparticlesde-
1∆y2p(t)isthemeansquaredispersionofdiscreteparticles.
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Figure6.1: Fluid-particleandparticlerootmeansquaredispersionReλ=35.4at
diﬀerentStokesnumberscomparedtosinglephase.
Table6.1:Lagrangianparticleandﬂuid-particleintegralandTaylortimescalesand
turbulentkineticenergyatsingle-phaseandturbulencewithparticlesof
Stokesnumbers0.07,1.12and5.15atReλ=35.4.
Quantity Single-
phase
St=0.07 St=1.12 St=5.15
Fluid-particleturbulentki-
neticenergy,q2f,L(m2s−2)
0.00650 0.00650 0.00649 0.00645
Particleturbulentkineticen-
ergy,q2p(m2s−2)
— 0.00664 0.00579 0.00339
Fluid-particleintegraltime
scale,Tf,L(s)
0.16544 0.17217 0.18218 0.17329
Particleintegraltimescale,
Tp,L(s)
— 0.17499 0.25747 0.35846
Fluid-particle Taylor time
scale,τf,λ(s)
0.07628 0.12058 0.12464 0.12446
Particle Taylortimescale,
τp,λ(s)
— 0.12354 0.16719 0.24189
Particleresponsetime,τp(s) — 0.00223 0.03564 0.16668
creasestoabouthalfoftheﬂuidLagrangianturbulencekineticenergy,q2f,L.Hence,
atlongdiﬀusiontimesthemeandisplacementremainsaboutthesameforSt=5.15
particlesbecausev2fTf,L≈ v2pTp,L.Ontheotherhand,forshortdiﬀusiontimes,
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heavyparticleshavealowerdisplacementcomparedtoﬂuid-particles(sincev2p is
lower).Thisisbecauseheavyparticlesareveryinertialandhencearenotaﬀected
byhighfrequencycomponents.
ForparticleswithSt=1.12thesolidparticlemeandisplacementsisentirelydiﬀer-
entatlongdiﬀusiontimes.Thisisbecausev2p ≈ v2f,butTp,L∼1.4Tf,L;therefore
∆y2p(t)> ∆y2f(t),asshowninFigure6.1.HencediscreteparticleswithStokes
numbersnearunityhavediﬀerentdispersionatlongdiﬀusiontimescomparedto
ﬂuid-particlesduetothepreferentialconcentrationofparticles(i.e.theaccumula-
tionofparticlesinlowvorticityregionsoftheﬂow).
Figure6.2comparesthepositionalpdfsofparticleswithSt=5.15atReλ=35.4
withtherespectiveGaussiandistributionatdiﬀerentinstances.Thedisplacement
pdfsareGaussianN(0,∆y2p(t)),consistentwiththeconclusionofSnyderand
Lumley(1971).
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Figure6.2: Probabilitydensityfunctionsofdisplacementofsolidparticles(St=
5.15)atseveraltimescomparedtotheGaussiandistributionatReλ=
35.4.
Eﬀectofparticle-particlecolisions Thepurposeofthissectionistoinvesti-
gatetheeﬀectofparticle-particlecolisionsonthemeansquarerelativedisplacement,
∆y2p(t),oflight,St∼1.0andheavyparticles.Threeadditionalsimulationsof
particleswithSt=0.07,St=1.12andSt=5.15wereperformedwithoutparticle-
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particlecolisionsatReλ=35.4andαp=1.37×10−5.Figure6.3comparestheeﬀect
ofparticle-particlecolisionsontherootmeansquarerelativedisplacementbetween
ﬂuidparticlesandsolidparticlesatdiﬀerentStokesnumbers.Theﬁgureshowsthat
particle-particlecolisionsdonotaﬀectthemeansquarerelativedisplacementfor
light(St=0.07)andheavyparticles(St=5.15).Thisisbecauselightandheavy
particlesarealmosthomogeneouslydistributedinthedomain(seeFigures5.9(a)
and5.9(c)respectively)andhencethereislimitedclustering.Additionaly,theﬂow
isdiluteandthechanceforcolisionstooccurandalterthetrajectoryofdiscrete
particlesisverylow. Ontheotherhand,themeansquarerelativedisplacement
∆y2p(t)withoutcolisionsforparticleswithStokesnumbersnearunitydecreases
byabout3.0%atlongtimes(t≫ Tf,L).Inthiscase,particlesclustertogether
andhencethechanceofparticlescoliding,despitethefacttheﬂowisdilute,is
largercomparedtolightandheavyparticles. Thedecreasein ∆y2p(t)means
thatthetrajectoriesofdiscreteparticlesareslightlyalteredbycolisions. Thisis
because,whenacolisionoccursitiseasierforaparticletoescapetheeddywhichit
istrappedin.Therefore,particle-particlecolisionsareamechanismforparticlesto
escapefromeddies.Itisinterestingtonotethatfort<τf,λforalparticleStokes
numbers, ∆y2p(t)withoutcolisionsisalmostidenticalwiththesimulationsin-
cludingcolisions. ThismeansthatforalStokesnumbersinter-particlecolisions
fort<τf,λhavenoeﬀectonthemeansquarerelativedisplacement.
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Figure6.3: RootmeansquarerelativedisplacementbetweensolidparticlesofSt=
0.07,St=1.12andSt=5.15atReλ=35.4withandwithoutparticle-
particlecolisions.
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6.4.1.2 Tchen-Hinzetheory
Tchen(1947)localylinearisedtheequationofmotionofanindividualparticle
byapplyingseveralassumptions,whicharedescribedbyHinze(1975). Themost
restrictiveassumptionofTchen’stheoryisthataﬂuid-particlealwaysfolowsthe
samediscreteparticle. Thisassumptionisveryrestrictivebecauseﬂuid-particles
inturbulence,deformandstretch.Itisthereforeimpossibleforasolidparticleto
alwaysinteractwiththesameﬂuid-particle.ByFouriertransformingtheequation
ofmotionofanindividualparticleandthenmultiplyingtheresultwithitscomplex
conjugate,Hinze(1975)obtainedarelationshipbetweenthetimespectraofsolid
particlesandﬂuid-particlesas
Ep(ω)= 11+τ2pω2Ef(ω), (6.4)
whereωisthefrequency,Ep(ω)andEf(ω)aretheparticleandﬂuid-particletime
spectrarespectively.Thereforeatransferfunctioncanbedeﬁnedas
H(ω)= 11+τ2pω2, (6.5)
sotheeﬀectoftheparticlesiseﬀectivelythatofasignalwithlow-passﬁlterwith
timeconstantτp.Thetransferfunction,H(ω),isshowninFigure6.4forparticles
withdiﬀerentSt(notethatStdeterminestheresponsetimeoftheparticles,τp).
TheﬁgureshowsthatH(ω)isalwaysnearunityforlightparticlesindicatingthat
theirenergyspectrumisalmostidenticaltothecorrespondingspectrumofﬂuid-
particles.Figure6.4alsoshowsthat,withincreasingStokesnumber(withincreasing
τp)thetransferfunctiondecreaseswithincreasingfrequency. Moreover,therelative
magnitudeofH(ω)ateachfrequencyindicateswhichpartoftheﬂuid-particleenergy
spectrumismodiﬁedtoobtaintheparticleenergyspectrum.Hinze(1975)continues
theanalysisandassumesthattheLagrangianautocorrelationisdescribedbyan
exponentialfunctionandderivesthefamousTchen-Hinzeequation,whichisdeﬁned
as
v2p
v2f =
Tf,L/τp
Tf,L/τp+1. (6.6)
Physicaly,equation6.6describestheresponseofsolidparticlestoturbulence.This
responseisrelatedtotheresponsetimeoftheparticlesandﬂuid-particlesintegral
timescales.
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Figure6.4: TransferfunctionH(ω),equation6.5,atReλ=35.4forparticleswith
St=0.07,St=1.12andSt=5.15.
TheextendedTchen-Hinzeequation Becauseoftheassumptionthatdiscrete
particlesdonotinteractwithotherﬂuidparticles,whichmeansthatthecrossing
trajectorieseﬀectisignored,DeutschandSimonin(1991)modiﬁedtheTchen-Hinze
equation.Theyﬁrstusedtheaveragerelativevelocityintheparticleresponsetime
tolinearisetheequationofmotionofaparticle.Secondly,theyincludedtheconcept
oftheﬂuidvelocityseenbytheparticle,i.e.theﬂuidvelocityatthetrajectoryof
adiscreteparticle,vf@p.Thereforeequation6.4becomes
Ep(ω)= 11+τ2pω2Ef@p(ω) (6.7)
whereEf@p(ω)isthetemporalenergyspectrumoftheﬂuidvelocity“seen”bythe
particles.Equation6.6nowbecomes
v2p
v2f@p =
Tf@p,L/τp
Tf@p,L/τp+1 (6.8)
whereTf@p,Listheintegraltimescaleoftheﬂuidvelocity“seen”bytheparticles.
Theratio v2p/v2f@p,whichisplottedinFigure6.5forvariousStokesnumbers
atReλ=35.4,ilustrateshowresponsivediscreteparticlesaretoturbulence.The
resultsshowthatlightparticlesareveryresponsivetoturbulencesincetheybehave
asﬂuid-particles,becausetheratio v2p/v2f@p ≈1. Ontheotherhand,heavy
particles(St=5.15)arelessresponsivetoturbulencebecauseoftheirinertiaand
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thereforetherationowbecomesv2p/v2f@p ≈0.5.
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Figure6.5:TheextendedTchen-Hinzeequation(Tchen,1947;Hinze,1975;Deutsch
andSimonin,1991)comparedwiththesimulationresultsatReλ=35.4
atvariousStokesnumbers.
6.4.2Lagrangiantemporalenergyspectra
Figure6.6comparestheLagrangiantemporalenergyspectraofdiscreteparticles
andtheﬂuidvelocityattheparticletrajectoriesforSt=0.07,St=1.12and
St=5.15atReλ=35.4. TheenergyspectrumfortheSt=0.07particleshas
almostidenticalbehaviourwiththespectrumoftheﬂuidvelocityattheparticle
trajectories. Thismeansthatlightparticlesbehaveasﬂuid-particles,asobserved
intheprevioussection. TheenergyspectrumfortheSt=1.12particleshasa
somewhatdiﬀerentbehaviourcomparedtotheenergyspectrumoftheﬂuidvelocity
“seen”bytheparticles.Atlowfrequenciesandhighfrequenciestheparticleenergy
spectrumisofthesameorderasthecorrespondingﬂuidenergyspectrum.Atinter-
mediatefrequencies,however,theparticleenergyspectrumislowerthantheﬂuid
energyspectrum. ThismeansthatparticleswithStokesnumbersnearunityare
responsivetothelowandhighfrequencies. However,atintermediatefrequencies
thediscreteparticlesbehaveasinertialparticlesbecausetheirresponsetothese
frequenciesdecreases.ThetheoryofTchen(1947),inviewofFigure6.4,doesnot
correctlypredictthisbehaviourduetotheassumptionthatadiscreteparticledoes
notchangeitsﬂuidenvironment.Therefore,thetheoryofTchen(1947)cannotbe
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usedforparticleswithStokesnumbersnearunity.
Ontheotherhand,theenergyspectrumoftheheavierparticles(St=5.15)is
lowercomparedtothecorrespondingenergyspectrumoftheﬂuidatalfrequen-
cies.SimilarbehaviourisalsoobservedinFigure6.7whichcomparestheenergy
spectraatReλ=58.0andStokesnumbers,St=3.1,St=9.2andSt=12.7.In
alcaseswhereSt>1,theinertiaoftheparticlesisthedominantparameterfor
theirresponse.Thisbehaviourisduetotheresponsetransferfunction,equation6.5
predictedbytheTchen-Hinzetheory.Inotherwords,asparticlesaremoreiner-
tial,theirresponsetohighfrequencyﬂuctuationsdecreases(assimilarlyreported
byZeren,2010).
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Figure6.6:Lagrangiantemporalenergyspectraofparticleandofﬂuidatparticle
trajectoryforSt=0.07,St=1.12andSt=5.15atReλ=35.4.
6.4.3Fluid-particleandsolid-particlepairbehaviour
Thepurposeofthissectionistoinvestigatethemeansquaredispersionbetween
pairsofﬂuid-particlesanddiscreteparticlesatReλ=35.4.ThreediﬀerentStokes
numbersareexamined,whichareSt=0.07,St=1.12andSt=5.15. Moreover,
thebehaviouroftheautocorrelationoftherelativevelocitybetweenﬂuid-particles
anddiscreteparticlesisexamined.
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Figure6.7:Lagrangianenergyspectraofparticleandofﬂuidatparticletrajectory
forSt=3.1,St=9.2andSt=12.7atReλ=58.0.
6.4.3.1Fluid-particleandsolid-particlepairdispersion
Themeansquaredisplacementbetweenaﬂuid-particleandadiscreteparticleis
deﬁnedas
∆z2f,p(t)= x+f,i(t)−x+p,i(t)
2 (6.9)
wherex+f,i(t)andx+p,i(t)arethepositionvectorsoftheﬂuidandsolidparticlesat
timetrespectively.Notethat∆z2f,p(to)=0,whichmeansthatﬂuid-particlesand
solidparticlesdiﬀusefromthesameinitialposition.Equation6.9canbeexpanded
asfolows
∆z2f,p(t)= ∆y2f(t)+ ∆y2p(t))−2x+f,i(t)x+p,i(t) (6.10)
wheretheﬁrsttwotermsontherighthandsidearethemeansquaredisplacementof
ﬂuidandsolid-particlesrespectively,whichareplottedinFigure6.1.Thelastterm
inEquation6.10isthecovariancebetweentheparticleandﬂuiddisplacements,
whichisalsoplottedinFigure6.8. Thecovariancedisplacementshowshowthe
individualﬂuidandsolidparticlesarerelatedtoeachother.Figure6.8compares
themeansquarerelativedisplacementbetweenﬂuidandsolidparticlesofdiﬀerent
Stokesnumbers(St=0.07,St=1.12andSt=5.15)atReλ=35.4. Theﬁg-
ureilustratesthatthecovariancetermisnotnegligibleforshortdiﬀusiontimes;
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t<τf,λ.Thistermkeeps ∆z2f,p(t)≈0fort<τf,λ. Atshortdiﬀusiontimes
theﬂuid-particleandsolid-particletrajectoriesarestronglycorrelatedtoeachother
becausetheparticlesthemselvesareincloseproximity.
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Figure6.8: Meansquarerelativedisplacementbetweenﬂuidparticlesandsolid
particlesofSt=0.07,St=1.12andSt=5.15atReλ=35.4.
Atlargerdiﬀusiontimes(t>Tf,L)theﬂuidandsolid-particlesseparatefromeach
otherandthereforethistermbecomeslessimportant;hencethecovariancetends
toaconstantvalue.Inaddition,therelativemagnitudeofx+f,i(t)x+p,i(t)compared
to∆y2f(t)+ ∆y2p(t)att>Tf,Lisverysmal.NotethatthecovarianceisStokes
numberdependent;i.e.astheStokesnumberdecreases,thecovariancelimitvalue
increases.Atdiﬀusiontimes,t>4Tf,L,thegradientof∆z2f,p(t)reachesaconstant
valuebecausethegradientsof∆y2f(t)and∆y2p(t)haveanalmostlinearvaria-
tionwithtime,butthegradientofx+f,i(t)x+p,i(t)withrespecttotimeiszero.This
meansthatatt>6Tf,Ltheoriginalﬂuid-particlesnolongeraﬀectthetrajectoryof
thecorrespondingdiscrete-particlesandvice-versa.
ThemeansquarerelativedisplacementincreaseswithStokesnumberfordiﬀusion
timest<6Tf,L. Thisisbecauseinertialparticlesneedacertainamountoftime,
τescape,toescapetheeddies,whichtheyaretrappedin.Thistimeτescapedecreases
withincreasingStokesnumber.However,asshowninFigure6.8,atverylargediﬀu-
siontimest>9Tf,L,particleswithStokesnumbernearunityhavethehighestmean
squarerelativedisplacement.Lightparticles(St=0.07)behaveasﬂuid-particles
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andhencehavethesamedispersionasﬂuid-particles.Inotherwords,lightparticles
remaincorrelatedwithﬂuid-particlesforalongerperiodoftime(t≈6Tf,L)since
∆z2f,p(t)≈0.Thetrajectoriesofheavyparticles(St=5.15),ontheotherhand,
deviatealmostimmediatelyfromthecorrespondingtrajectoriesoftheﬂuid-particles,
asshowninFigure6.8.Thisisbecausetherateofincreaseof∆z2f,p(t)isthefastest.
ParticleswithSt≈1.0however,folowcloselytheﬂuid-particletrajectoriesbutcan
eventualyescapeduetotheirinertia,seeFigure6.8.Thisisanalogoustothecen-
trifugalforceactingonparticleswhentravelingthroughaneddy,asilustratedby
Croweetal.(1998,Ch.7,pg203,Figure7.4)andinFigure2.1.
6.4.3.2 Therelativevelocityautocorrelationbetweenaﬂuid-particle
andasolid-particlepair
Thepurposeofthissectionistoinvestigatetherelativevelocityautocorrelation
functionbetweenﬂuidanddiscreteparticles.Therelativevelocityautocorrelation
functionbetweenaﬂuid-particleandasolid-particlepairisdeﬁnedas
v+rel,i(t)v+rel,i(t+τ)= [v+f,i(t)−v+p,i(t)][v+f,i(t+τ)−v+p,i(t+τ)], (6.11)
where v+rel,i(t)v+rel,i(t+τ)istherelativevelocityautocorrelationfunctionbetweena
ﬂuid-particleandadiscreteparticleattimelagτ.Inaddition,therelativevelocity
autocorrelationfunctionbetweentheﬂuidvelocityattheparticletrajectoryandthe
correspondingsolidparticleisexamined. Thisautocorrelationfunctionisdeﬁned
as,
v+rel,f@p,i(t)v+rel,f@p,i(t+τ)= [v+f@p,i(t)−v+p,i(t)][v+f@p,i(t+τ)−v+p,i(t+τ)],(6.12)
where v+rel,f@p,i(t)v+rel,f@p,i(t+τ)istherelativevelocityautocorrelationfunction
betweenthediscreteparticleandtheﬂuidvelocityatitstrajectoryattimelagτ.
Figure6.9comparestheaforementionednon-normalised2autocorrelationfunctions
oftherelativevelocityforthreediﬀerentStokesnumbers(St=0.07,St=1.12
andSt=5.15)atReλ =35.4. Therelativevelocityautocorrelationfunction
v+rel,i(t)v+rel,i(t+τ)forSt=1.12atτ=0hasthehighestvaluecomparedto
St=0.07andSt=5.15. Thismeansthatatτ=0,therelativevelocityfor
particleswithStokesnumbersnearunityisthehighestcomparedtootherStokes
numberparticles. ThisisbecauseoftheinabilityofSt=1.12particlestofolow
2Thenon-normalisedautocorrelationfunctionsareusedbecausemoreinformationcanbeobtained
regardingtheactualvaluesoftherelativevelocityateachtimelag.
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their“twin”ﬂuid-particlesatsmaltimelags.Inaddition,St=0.07particleshave
thelowestrelativevelocity.Thisshowsthatverylightparticlestendtofolowthe
originalﬂuid-particles.Itisinterestingtonotethattheshapeofv+rel,i(t)v+rel,i(t+τ)
isatypicalshapeoftemporalvelocityautocorrelationfunctions,i.e.anexponential
typebehaviour.
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Figure6.9: Relativevelocityautocorrelationbetweenﬂuidparticlesandsolidpar-
ticlesandrelativevelocityautocorrelationbetweenﬂuidatparticletra-
jectoriesandsolidparticlesforSt=0.07,St=1.12andSt=5.15at
Reλ=35.4.
Ontheotherhand,theshapeof v+rel,f@p,i(t)v+rel,f@p,i(t+τ)functionhasonenegative
loop.Thisisbecause,v+rel,f@p,i(t)v+rel,f@p,i(t+τ)relatestheoriginaldiscreteparti-
clewithdiﬀerentﬂuid-particles.ContrarytothetheoryofTchen(1947),theﬂuid
environmentofdiscreteparticleschangesthroughouttheirmotion,i.e.discrete-
particlesinteractwithdiﬀerentﬂuid-particles.Gouesbetetal.(1984)theoreticaly
examinethedispersionofparticlesinHITandshowthatv+f,i(t)v+f,i(t+τ)itis
negativeatparticulartimelags.However,asSquiresandEaton(1991a)mention,
theanalysisofGouesbetetal.(1984)isbasedonthetheoryofTchen(1947)and
thereforeconcludethatit“seemsunlikely”thatv+f,i(t)v+f,i(t+τ)hasnegativeloops.
TheonlyLagrangianﬂuidvelocitycorrelationfunctionthatcanhavenegativeloops
isv+f@p,i(t)v+f@p,i(t+τ)becausethisfunctionconsidersdiﬀerentﬂuid-particles.The
conclusionsofSquiresandEaton(1991a)areconﬁrmedfromFigure6.9.
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6.4.4 ModiﬁcationofsecondorderLagrangianstructure
function
ThissectioninvestigatesthemodiﬁcationofthesecondorderLagrangianstructure
function,DL2,ij(s),duetothepresenceofparticles. ThesecondorderLagrangian
functionisveryimportantinstochasticmodelingofdiscreteparticles(andﬂuid-
particles)turbulence. ThisisbecauseDL2,ij(s)isusedinconjunctionwithKol-
mogorov’stheorytoestablishtheintensityoftherandomterminstochasticmodels.
ThesecondorderLagrangianstructurefunctionisdeﬁnedas
DL2,ij(s)= v+f,i(t+s)−v+f,i(t) v+f,j(t+s)−v+f,j(t) (6.13)
wherethesuperscriptLdenotesthatthestructurefunctionisintheLagrangian
framework,subscript2denotesthatthestructurefunctionissecondorderands
isthetimelag. MoninandYaglom(1975)simplifyDL2,ij(s)byintroducingthe
Lagrangianautocorrelationfunction,CL(s)inthedeﬁnition
DL2,ij(s)=2v2f 1−CL(s)δij (6.14)
ByassumingthattheLagrangianautocorrelationfunctionhasexponentialform,
DL2,ij(s)simpliﬁesfurtheras
DL2,ij(s)=2v2f 1−exp − sTf,L δij (6.15)
Theexponentialtermforsmalxcanbeapproximatedas,exp(x)≈1+x+x22!+x33!...,
thestructurefunction,therefore,simpliﬁesas
DL2,ij(s) =2v2f sTf,Lδij
≈C0ǫfsδij
(6.16)
Therefore,theLagrangianstructurefunctionobtainsitsﬁnalform,whichisafunc-
tionoftheﬂuiddissipationandC0istheuniversalKolmogorovconstant.Notethat
forsmaldiﬀusiontimess<τf,λ,theLagrangianautocorrelationfunctioncanbe
approximatedasCL(s)=1−(s/τf,λ)2,hencetheLagrangianstructurefunctionis
DL2,ij(s)=2v2f s
2
τ2f,λδij (6.17)
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Figure6.10comparesthesecondorderLagrangianstructurefunctionobtainedfrom
thesinglephasesimulationswithReλ=35.4andReλ=58.0usingequation6.13
directlyandtheaforementionedanalyticalexpressions. Theﬁgureshowsthatfor
smaldiﬀusiontimes(s<τf,λ),equation6.17isthemostappropriateasitisinvery
goodagreementwiththesimulationdata. Ontheotherhand,atlargerdiﬀusion
times(s>τf,λ),equation6.15isinbetteragreementwiththesimulationresults.
ThisisbecausetheLagrangianvelocityautocorrelationfunctionisbestdescribed
byanexponentialform.Inaddition,thesimulationresultsshowthatforlowReλ,
equation6.17isinbetteragreementwiththeDNSresults.Furthermore,theappro-
priatenessofequation6.16withC0=2.1isexamined.Thisrelationdoesnotagree
withthesimulationdataanditseemsthatthe“universalKolmogorovconstant”is
afunctionofReynoldsnumber.Duetal.(1995)performaliteraturesurveyonthe
estimationofC0andreportalargerangeofvaluescorrespondingtothisconstant;
namely2≤C0≤10.Yeungetal.(2006),also,performsinglephasesimulationsof
forcedhomogeneousandisotropicturbulencewithalargerangeofReλandvarious
gridsizes(from643to20483).TheythenplotthenormalisedLagrangianstructure
functionbydividingDL2,ij(s)byǫfs. ThismeansthatthenormalisedLagrangian
structurefunctionhasapeakandthecorrespondingvalueisC0.Yeungetal.(2006)
reportdiﬀerentpeakvalues,indicatingthatC0isnotconstantbutvariesfordiﬀer-
entReλ. TheresultspresentedinthissectionareingoodagreementwithYeung
etal.(2006).
Itisinterestingtoknowhowthepresenceofparticlesmodiﬁesthesecondorder
Lagrangianstructurefunction.Figure6.11comparesthemodiﬁcationofthenor-
malisedDL2,11(s)whenparticlesofdiﬀerentStokesnumbersarepresent(St=3.1,
St=9.2andSt=12.7atReλ=58.0andSt=0.07,St=1.12andSt=5.15at
Reλ=35.4).Itisapparentfromtheparticle-ladensimulationsthatdiﬀerentStokes
andTaylorReynoldsnumbersresultindiﬀerentC0values,whereinthecurrent
simulationsvariesfrom2.2≤C0≤3.2.ThisimpliesthattheC0constantisalso
Stokesnumberdependent(alsoreportedbyZeren,2010).Inaddition,Figure6.11
showsthatthemodiﬁcationofthenormalisedLagrangianstructurefunctiondoes
nothaveanyparticularandidentiﬁabletrend,e.g.doesnotincreasewithincreasing
Stokesnumber. ThereforeaphysicalinterpretationonthemodulationofDL2,ij(s)
duetotheparticlescannotbeidentiﬁed.
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Figure6.10:ComparisonofsinglephasesecondorderLagrangianstructurefunctions
obtainedfromthesimulationdatafortwoReynoldsnumbers(a)Reλ=
35.4and(b)Reλ=58.0withanalyticalrelationshipsequation6.15,
equation6.16andequation6.17.
6.4.5 Particlepairbehaviourwithvariableinitial
separationsinturbulence
Thepurposeofthissectionistoinvestigatethebehaviourofﬂuid-particlepairsas
welasdiscreteparticlepairsinaturbulentﬂowﬁeld.Theresultsareobtainedwith
particlesofStokesnumbers,St=0.07,St=1.12andSt=5.15atReλ=35.4and
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Figure6.11:ThemodiﬁcationofthenormalisedsecondorderLagrangianstructure
functionwhenparticlesofdiﬀerentStokesnumberscomparedtothe
correspondingsinglephasesimulationsatReλ=58.0(St=3.1,St=
9.2andSt=12.7)andReλ=35.4(St=1.12andSt=5.15).
withparticlesofStokesnumbers,St=3.1,St=9.2andSt=12.7atReλ=58.0.
Inaddition,theinitialseparationdistancebetweentheparticlepairsisvariedin
ordertoexaminethecorrespondingbehaviours. Theinitialseparationdistances,
asafunctionoftheKolmogorovlengthscale,areso=ηκ,so=4ηκ,so=8ηκ,
so=10ηκ,so=12ηκ,so=16ηκ,so=20ηκandso=24ηκ. Furthermore,the
behaviourof“twin”ﬂuid-particlepairsisexaminedunderthesameturbulentﬂow
conditions.
6.4.5.1 Dispersionofﬂuid-particlepairs
Thebehaviourofﬂuid-particlepairsinsinglephaseturbulenceatReλ=58.0is
investigatedinviewoftheproposedtheoryofRichardson(1926)atintermediate
diﬀusiontimes(τf,λ<t<Tf,L)andthetheoryofBatchelor(1952)atshortdiﬀusion
times(t<τf,λ).Inordertostudythedispersionofparticlepairs,themeansquare
displacementbetweentwoparticlesatagivenseparationdistanceisrequired.The
meansquaredisplacementbetweentwoﬂuid-particlesisdeﬁnedas
∆z2f1f2(t,so)= x+f1,i(t,so)−x+f2,i(t,so)
2 (6.18)
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wherethesubscriptsf1andf2denotetwoneighbouringﬂuid-particles. Notethat
discreteparticlesaredenotedwithsubscriptp.Theinitialseparationdistancebe-
tweenthetwoparticlesisgivenbyso,deﬁnedas
so= x+f1,i(to)−x+f2,i(to) (6.19)
wheretoistheinitialtime.Hinze(Ch.5,pg.406,1975)providesagoodreferencefor
therelativediﬀusionoftwoﬂuid-particles.Notethatequation6.18canbeexpanded
as
∆z2f1f2(t,so)= x+f1,i(t,so)
2 + x+f2,i(t,so)
2 −2x+f1,i(t,so)x+f2,i(t,so)(6.20)
where x+f1,i(t,so)x+f2,i(t,so)isthecross-correlationtermbetweenﬂuid-particlesf1
andf23.
Yeung(1994)mentionsthatbecauseﬂuid-particlesareinahomogeneousandisotropic
ﬁeld,theyalwaysmoveawayfromeachother,whichissimilartothediﬀusionof
individualparticles,whereonaverageparticlesdiﬀuseawayfromtheirorigin.This
alsomeansthattheaverageseparationdistancebetweentwoparticlesalwaysin-
creasessincetheturbulentﬂowishomogeneousandisotropic(Cocke,1969;Orszag,
1970;Yeung,1994).Batchelor(1952)andMoninandYaglom(1975)mentionthe
existenceofdiﬀerentregimebehaviours. TheseregimesareshowninFigure6.12,
whichcomparestherootmeansquareseparationdistance, ∆z2f1f2,i(t,so),be-
tweentwoﬂuid-particlesatdiﬀerentinitialseparations;namelyso=ηκ,so=λand
so=LatReλ=58.0.
Figure6.12ilustratesthatatlongdiﬀusiontimes(t>Tf,L),irrespectiveofthe
initialseparationoftheﬂuid-particles,themeanseparationdistanceincreasesas√t.The√tgradient,shownasagreendottedlineinFigure6.12,meansthatthe
particlesatlargediﬀusiontimesbecomeuncorrelatedwitheachotherandhence
thecorrespondingpairdiﬀusionresemblesthediﬀusionoftwoindependentsingle
ﬂuid-particles.Infact,asHinze(1975)andYeung(1994)mention,therootmean
separationcanbeapproximatedas
∆z2+f1f2,i(t>Tf,L,so)≈ 2v2fTf,Lt (6.21)
3Notethatthecross-correlationtermisnowafunctionofbothtimeandinitialseparation
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Figure6.12: Comparisonofﬂuid-particlepairdispersionwithdiﬀerentinitialsep-
arationdistances(so=ηκ,so=λ(1)22 andso=L(1)11)forsinglephaseturbulenceatReλ=58.0.
Thisisbecausethecross-correlationterm, x+f1,i(t,so)x+f2,i(t,so)inequation6.20,is
negligibleatlargediﬀusiontimes.Thesingleparticlerootmeansquaredispersionis
alsoshowninFigure6.12andtheresultsshowagoodagreementwiththeapproxi-
mationgivenbyequation6.21.Therootmeansquaredistanceofﬂuid-particleswith
initialseparationso=ηκatintermediatediﬀusiontimes,τf,λ≤t≤Tf,L,increases
with∼√t3,whichisconsistentwithRichardson’slaw,givenby∼ ǫft3(whichis
alsoinagreementwiththeﬁndingsofGotoandVassilicos,2004).Inaddition,as
mentionedbyYeung(1994),ﬂuid-particlesthatarerelativelyneareachother,for
examplewhenso≤ηκ,theyneedalongertimetoattainthe∼√tincrease.This
meansthatﬂuid-particlesthatareinanearproximitywitheachother,remaincor-
relatedforalongerperiodoftime.Theincreaseintherootmeansquareseparation
att<τf,λfordiﬀerentsoissimilartothebehaviourshownbyGotoandVassilicos
(2004),whichisnotincreasinglinearlywitht.However,iftheinitialsquaredsepara-
tionissubtractedfromthemeansquareseparation,i.e. ∆z2(t<τf,λ,so)−s2o,as
shownbyYeung(1994),atincreaseisobservedsimilarlytothesingleﬂuid-particle
dispersion,therebyconﬁrmingthetheoryofBatchelor(1952)atshortdiﬀusiontimes
andsmalso(alsogivenbyHinze,1975),writtenoutas
∆z2f1f2,i(t<τf,λ,so)−so=
ǫf
νft (6.22)
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Equation6.22showsthatatshortdiﬀusiontimesandsmalsotheﬂuid-particlepair
dispersionislinearintimeandtherateofchangeofthisdispersionisproportional
to ǫf/νf.
6.4.5.2 Dispersionofdiscreteparticlepairs
Figure6.13andFigure6.14comparethedispersionofﬂuid-particlepairsandthe
correspondingdispersionofdiscreteparticlepairswithdiﬀerentStokesnumbersat
Reλ=35.4andReλ=58.0respectively.Aseriesofinitialseparationsareexamined
foreachcase;inparticularso=ηκ,so=4ηκ,so=8ηκ,so=10ηκ,so=12ηκ,
so=16ηκ,so=20ηκandso=24ηκ. Figure6.13(a)comparestherootmean
squareseparationoflightparticlepairs(St=0.07)andtheircorrespondingﬂuid-
particlepairs. Thedispersionofﬂuid-particlepairsanddiscreteparticlepairsin
Figure6.13(a)isidentical.Thisisbecausethediscreteparticlesareverylightand
hencebehaveasﬂuid-particles.
AstheStokesnumberoftheparticlesincreasesandatt<τf,λtherootmeansquare
separationofthediscreteparticlepairsdeviatesfromthecorrespondingﬂuid-particle
pairs;seeFigure6.13(b)and(c).Thiseﬀectismoresigniﬁcantastheinitialsepara-
tionoftheparticlesissmal(forexampleso=ηκ).Thisisattributedtotheinertia
ofthediscreteparticles,whichincreaseswithSt. AsilustratedbytheTchen-
Hinzetheory,theresponsetimeoftheparticlesandconsequentlytheirresponseto
turbulencedecreases. Therelativemotionofthediscreteparticlepairs,therefore,
deviatesfromthecorrespondingﬂuid-particles. Moreover,whentheinitialsepara-
tionofheavyparticlepairs(St>3)isso=ηκ,seeFigure6.13(b)and(c)and
Figure6.14(a),(b)and(c),therootmeansquareseparationdoesnotincreaseas
∼√t3,butitislessthan√t3.However,therelativevalueofthediscreteparticle
pairseparationishighercomparedtothecorrespondingﬂuid-particlepairsepara-
tion.Thismeansthatdiscreteparticle-pairsdecorrelatefasterthanﬂuid-particles
andalsotheir motionisrelativelyunaﬀectedbytheturbulencewithincreasing
Stokesnumbers(orasthediscreteparticlesbecomemoreinertial).Att>Tf,L,the
rootmeansquareseparationofbothdiscreteparticleandﬂuid-particlepairshas
anincreaseproportionalto√t.Thisisbecauseatlargediﬀusiontimesthemotion
ofparticles(eitherﬂuidordiscrete)becomesuncorrelatedandhencetheparticles
disperseasindividualparticles.
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(a)St=0.07.
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Figure6.13:Fluid-particle(continuouslines)anddiscreteparticle(dashedlines)
pairdispersionatdiﬀerentinitialseparationdistancesatReλ=35.4.
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Figure6.14:Fluid-particle(continuouslines)anddiscreteparticle(dashedlines)
pairdispersionatdiﬀerentinitialseparationdistancesatReλ=58.0.
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6.4.5.3 Velocitycross-correlationofparticlepairs
Thissectioninvestigatesthebehaviourofthevelocitycross-correlationoftwoﬂuid-
particlepairsatdiﬀerentinitialseparationdistances,namelyso=ηκ,so=4ηκ,
so=8ηκ,so=12ηκ,so=16ηκatReλ=35.4. Moreover,thecorrespondingve-
locitycross-correlationsofdiscreteparticlespairsfordiﬀerentStokesnumbersis
investigatedatthesameTaylorReynoldsnumber. TheStokesnumbersstudied
areSt=1.12andSt=5.15.Thevelocitycross-correlationsforﬂuidparticlesare
denotedasvf1(t,so)vf2(t+τ,so)andthecorrespondingcross-correlationsforthe
discreteparticlesaredenotedas vp1(t,so)vp2(t+τ,so). Thecomparisonofthe
cross-correlationsisshowninFigure6.15.
SimilarlytotheresultsofYeung(1994),thevelocityofﬂuid-particlesdecorrelate
fasterwithincreasingso.Additionaly,thesameisobservedforthevelocitycross-
correlationsofdiscreteparticlepairs. Moreoverthevelocitiesofdiscrete-particle
pairsarecorrelatedforalongerperiodoftimecomparedtothecorrespondingcor-
relationofﬂuid-particlepairsatthesameso.Thisisbecausetheinertiaofdiscrete
particlesmakesiteasierfortheirvelocitiestoremaincorrelated.
6.5Summaryandconclusions
AseriesofDNSsimulationsona1283periodiccubicboxoflength0.128mwereper-
formed.TheStokesnumbersoftheexaminedparticleswereSt=0.07,St=1.12
andSt=5.15atReλ=35.4andSt=3.1,St=9.2andSt=12.7atReλ=58.0.
Thetotalnumberofdiscreteparticleswas223,520correspondingtoaparticlevol-
umefractionof1.37×10−5.Thedispersionofsingleparticleandparticle-pairsis
examinedandtheresultsarecomparedtoknownresultsthatarisefromturbulence
theory. Analgorithmisdeveloped,whichisverysimilartotheoneproposedby
YeungandPope(1988),andenablesthetrackingofﬂuid-particles.Thisalgorithm
addsﬂuid-particlesatthesamepositionwiththesameﬂuidvelocity“seen”bythe
discreteparticles.About22,000ﬂuid-particleswereaddedinthedomainas“twin”
particlesoftheirdiscretecounterparts.
Thesingleparticledispersion,ofbothﬂuid-particlesanddiscreteparticles,isexam-
inedﬁrst.Theﬂuid-particlediﬀusioninparticle-ladenturbulencecomparedtothe
correspondingdiﬀusioninsingle-phaseturbulenceismodiﬁedduetothetwo-way
coupling. Additionaly,itisobservedthatlightparticles(St≪ 1)havethesame
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Figure6.15:Temporalcross-correlationsbetweentwoﬂuid-particles(continuous
lines)andbetweentwodiscreteparticles(dot-dashedlines)withdiﬀer-
entinitialseparationdistancesso=ηκ,so=4ηκ,so=8ηκ,so=12ηκ,
so=16ηκ.
dispersionastheirtwinﬂuid-particles. Thisisbecauselightparticlesbehaveas
ﬂuid-particlesthemselvessincetheirinertiaisverysmal. Ontheotherhand,the
rootmeansquaredispersionofheavyparticlesatshortdiﬀusiontimes(t<Tf,L)
islowercomparedtotheircorrespondingtwinﬂuid-particles. Moreover,theresults
showthatatlongdiﬀusiontimes(t≫ Tf,L)particleswithSt≈1.0haveahigher
rootmeansquaredispersioncomparedtotheirtwinﬂuid-particles. Theeﬀectof
particle-particlecolisionsontherootmeansquaredispersionofdiscreteparticles
isalsoexamined.Colisionsdonothaveasigniﬁcantcontributionbecausetheex-
aminedﬂowsaredilute. However,anoticeablediﬀerenceof∼3%isobservedfor
particleswithSt≈1.0andthisisattributedtothemodiﬁcationofparticlecluster-
ing,duetotheabsenceofcolisions.
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TheTchen-Hinzetheoryisexaminedbyconsideringthetemporalenergyspectrum.
Thetemporalenergyspectrumoftheparticlesisrelatedtothetemporalenergy
spectrumoftheﬂuidwithatransferfunctionanditisshownthatforlightparticles
thistransferfunctionatalfrequenciesisalmostunityanddecreasesastheStokes
numberincreases. Moreover,bycomputingthetemporalenergyspectradirectly
fromtheDNSsimulationsitisshownthattheTchen-Hinzetheorycannotcorrectly
predicttheenergyspectrumofparticleswithSt≈1.0. Thisisattributedtothe
restrictiveassumptionofthetheorythatadiscreteparticledoesnotchangeitsﬂuid
environment,i.e.adiscreteparticlealwaysinteractswiththesameﬂuid-particle.
Anotherobjectiveofthisworkistoexaminetheﬂuid-particle/discreteparticlepair
dispersioninturbulence.Theresultsshowthatthecovariancedisplacement,which
relatesthemotionofthetwoparticles,isveryimportantbecauseitinitialykeeps
themeansquaredispersiontozero.Thismeansthatinitialythistermkeepsthe
ﬂuid-particlesandtheirtwindiscreteparticlescorrelatedtoeachother.Atlongdif-
fusiontimes,thiscovariancereachesaplateauandthelimitvalueisStokesnumber
dependent. Theresultsshowthatthecovariancedisplacementismoresigniﬁcant
forlightparticlesandthereforekeepslightparticlesandﬂuid-particlescorrelatedfor
alongerperiodoftime. Moreover,theshapeoftworelativevelocityautocorrelation
functionsisexamined.Theﬁrstfunctionrelatesthevelocitiesofaﬂuid-particleand
itsequivalentdiscreteparticle,whilethesecondrelatestheﬂuidvelocityseenbya
discreteparticleanditscorrespondingvelocity. Theﬁrstautocorrelationfunction
hasanexponentialtypebehaviour,whereasthesecondhasonenegativeloop.The
negativeloopisduetothefactthatdiscreteparticlesinteractwithdiﬀerentﬂuid-
particlesaspreviouslymentioned.
ThemodiﬁcationofthesecondorderLagrangianstructurefunctionduetothepres-
enceofparticlesisalsoinvestigated.SecondorderLagrangianstructurefunctions
areveryimportantinstochasticmodelingastheydeterminetherandomcontri-
butioninstochasticmodeling. TheresultsshowthattheuniversalKolmogorov
“constant”,C0,isdependentonReλ. Moreover,theresultsshowthatC0alsode-
pendsonSt,witharangeofvaluesof2.2≤C0≤3.2.Finaly,thischapterfocuses
onthedispersionoftwoparticle-pairswithasetofdiﬀerentinitialseparations.
Theresultsshowthatforshortdiﬀusiontimestherootmeansquareseparationof
discreteparticlesdeviatesfromtheir“twin”ﬂuid-particles. Furthermore,thisef-
fectbecomesmorepronouncedastheStincreases,suggestingthattheinertiaof
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theparticlescausesthisdeviation. Additionaly,therootmeansquareseparation
ofdiscreteparticlesincreasescomparedtothecorrespondingﬂuid-particlesepara-
tionandthisshowsthatdiscreteparticlepairsdecorrelateevenfasterthantheir
equivalentﬂuid-particlesinHIT.
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scalevelocityﬂuctuations
Abstract
Thepurposeofthischapteristoevaluatethesubgridscaleeﬀectsonthedisper-
sionofparticlepairsinhomogeneousandisotropicturbulence.Inviewofthese
observationsanewmodelisproposedinthecontextofparticle-ladenLargeEddy
Simulations(LES).Benchmarkdataareobtainedfromfuly-coupledDirectNumer-
icalSimulations(DNS)ina1283periodiccubicboxoflength0.128m.TheStokes
numberoftheparticlesis0.07,1.12and5.15atReλ=35.4.Aposterioriﬁlteringis
thenperformedwithtwotestﬁlters.Theresultsobtainedfromaposterioriﬁlter-
ingarecomparedwiththebenchmarkDNSdata.Filteringaﬀectstheparticlepair
dispersion,especialywhentheinitialseparationofthepairsisoftheorderofthe
Kolmogorovlengthscale,indicatingthatthesubgridscaleshaveanimportanteﬀect
evenattheselowReλsimulations. Moreover,fulycoupledLESsimulationsofgrid
sizes163and323atthesameReynoldsnumberareperformedtoinvestigatethe
eﬀectoftheSmagorinskymodelonthedispersionstatistics.Theresultsshowthat
thepairdispersionandtheparticlepairdispersioninLEShavesigniﬁcantvariations
whencomparedtotheDNScasesandthediﬀerencesareevenbiggerwhencompared
tothecorrespondingﬁlteredDNScases.Finaly,thisworkproposesanewstochas-
ticmodelthatreconstructsthesubgridvelocityﬂuctuations.Atransportequation
forthesubgridvelocityﬂuctuationsisderivedandnewclosuresareproposedforthe
unknownterms.Theaimofthenewmodelistopredictthedispersionofparticle
pairsinturbulence.ThemodelisappliedontheﬁlteredDNScasesandcompared
directlywiththecorrespondingDNSdata.Theresultspredictedbythemodelare
verypromising.Infact,theﬂuid-particle/discreteparticlepairdispersionimproves
by∼50%forthelightestparticles. Moreover,theparticlepairdispersion,with
smalinitialseparation,foralStokesnumbersisinverygoodagreementwiththe
DNSdata.
148
Chapter7:Stochasticmodelingofsubgridscalevelocityﬂuctuations
Partsofthischapterhavebeenpresentedin:
G. Malouppas, W.K.George,andB.G. M.van Wachem.NewLESmodelfor
turbulentparticulateﬂowbasedonDNS.In8thInternationalConferenceonMulti-
phaseFlowICMF2013,Jeju,Korea,May26-31,2013
7.1Introduction
Thestudyofparticle-ladenﬂowshasrecentlyreceivedalotofattentionbecause
oftheirwidespreadapplicationsintheindustry.Themostaccurateframeworkto
studyparticle-ladenﬂowsisviaDirectNumericalSimulations(DNS).However,DNS
ofhighReynoldsnumberﬂowsarestilnotpossibleduetotherestrictivecompu-
tationalcostsrequiredtonumericalysolvetheﬁnestscalesofturbulence. Large
EddySimulations(LES),ontheotherhand,oﬀerareducedcomputationaleﬀortas
thesmalestscalesaremodeledviasubgridscale(SGS)models.Additionaly,LES
retainahighorderofaccuracyasthelargestscalesareresolved. BiniandJones
(2008)notablymentionedthatsubgridscalemodelsareneededbecausetheycan
“mimictheeﬀectofunresolvedscales”. Theadvantagesoﬀeredbyparticle-laden
LES,whicharethereducedcomputationaleﬀortandthehigheraccuracyconcern-
ingtheparticle-turbulenceinteractions,comparedtoRANSmethods(Wangand
Squires,1996)hasmadethisframeworkoneofthemostimportantsubjectstostudy
intheresearchcommunity. TheeﬀectsofSGSturbulenceontheparticlemotion
andvice-versaarestilnotverywelunderstood.Oneofthemaindisadvantageof
particle-ladenLESandthecorrespondingSGSmodelsisthepoorpredictionofthe
turbulencemodulationduetothepresenceandinteractionofparticleswiththeﬂow
(WangandSquires,1996).
Anothermaindisadvantageisthelimitedunderstandingregardingtheeﬀectsof
SGSturbulenceonthedispersionofparticlepairsandpreferentialconcentration.
Therefore,oneoftheobjectivesofthischapteristoexaminetheeﬀectsofSGS
turbulenceonthedispersionofparticlepairs.FedeandSimonin(2006)performed
one-waycouplednumericalexperimentsinforcedhomogeneousandisotropicturbu-
lence,includingparticle-particlecolisions.Theyinvestigatedtheeﬀectsoftheﬁlter
widthonthedispersionofparticlesandtheirone-pointstatisticsandreportedthat
theinertiaoftheparticleshasalimitedeﬀectontheone-pointSGSstatistics.They
alsoreportedthatthedispersionofparticlesisnotmodiﬁedbytheSGSturbulence.
FedeandSimonin(2006)additionalyreportedthatimportantphenomenawhich
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dependonthelocalpropertiesoftheﬂow,suchasinter-particlecolisions,preferen-
tialconcentrationandparticle-pairdispersion,stronglydependonthesmalscales
whichareﬁlteredoutinLES.Maxey(1987)andSquiresandEaton(1991a)intheir
studiesshowedthatparticles,dependingontheirStokesnumber,mayconcentrate
inthelowvorticityregionsoftheﬂow.Theymentionedthatthisphenomenonde-
pendsonthelocalsmalturbulentscales. Armenioetal.(1999)alsoinvestigated
theeﬀectsofSGSmodelsontheparticlemotioninachannelﬂow,similarlytothe
conclusionsofFedeandSimonin(2006),mentionedthattheSGShaveanegligible
eﬀectontheone-pointstatistics.However,whenalargerpercentageofturbulence
kineticenergyisremoved,diﬀerencesareindeedobservedbetweentheDNSand
LESresults,particularlynearthewal. Asalreadymentionedtherearelimited
studiesregardingtheeﬀectsofSGSturbulenceonthedispersionofparticlepairsas
welasthedispersionofﬂuid-particle/discreteparticlepairsandthisstudyclearly
ilustratestheirimportance.
WangandSquires(1996)performedLESonachannelﬂowwiththeLagrangian
dynamiceddyviscositymodelofMeneveauetal.(1996)andreportedthatthesin-
gleparticledispersionisinﬂuencedmostlybythedragcausedbytheﬂuidandthe
gravity.InordertocorrectlyincorporatetheSGSeﬀects,severalmodelsbasedon
stochasticmethodshavebeenproposedintheliterature.SincetheworksofGosman
andIoannides(1981);Pope(1983,1985);Thomson(1987,1990)tonameafew,a
largenumberofLangevintypemodelshaveemergedsuchastheoneproposedby
Fedeetal.(2006);ShotorbanandMashayek(2006);Berrouketal.(2007);Gobert
andManhart(2011). Goodreviewsregardingstochasticmethodscanbefoundin
MinierandPeirano(2001)andGardiner(2003).However,Langevintypemodels,
despitethefactthattheycancorrectlypredictone-pointstatistics,donottakeinto
accounttheparticle-pairdispersionandpreferentialconcentrationofparticlesthat
areveryoftenobservedinexperimentalaswelasfundamentalDNSstudies.Po-
zorskiandApte(2009)rightfulymentionedthatthemaindiﬃcultyinextending
SGSmodelsforcomplextwo-phaseﬂowsistheneedtomodelimportantprocesses
thatoccurattheunresolvedscales.Therefore,thesecondobjectiveofthisworkisto
proposeandvalidateanewstochasticmodelthatcorrectlygeneratesSGSvelocity
ﬂuctuationswhichinturnproducethecorrectdispersionstatisticsforparticlepairs.
Thischapterisdividedintotwomainparts. Theﬁrstpartistoinvestigatethe
eﬀectsofSGSturbulenceonsingleandparticle-pairdispersionbyﬁlteringaho-
mogeneousandisotropicturbulent(HIT)ﬂowwithReλ=35.4. Thebenchmark
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DNSdataareobtainedfromsimulationscarriedoutinChapter5andChapter6.
TheDNSdataareaposterioriﬁlteredusingtwotestﬁltersofsize∆1=4.5ηκ
and∆2=7.5ηκ. TheStokesnumbersoftheinvestigatedparticlesareSt=0.07,
St=1.12andSt=5.15.AdditionalfulycoupledLESsimulationsofgridsize163
and323withSt=0.07particlesatthesameReynoldsnumberareperformedin
ordertoinvestigatetheeﬀectoftheSmagorinskymodel(Smagorinsky,1963)onthe
dispersionstatistics.Thesecondpartofthisworkproposesanovelstochasticmodel
topredicttheparticle-pairdispersioninHIT.Theperformanceofthemodeliseval-
uatedbyapplyingthemodelontheﬁlteredDNSﬁeld.Theresultsarevalidatedby
comparingthemtothecorrespondingDNSdata.
7.2 Modelingthesubgridscalevelocities
Atransportequationforthesubgridvelocityﬂuctuationsisderivedandsolvedon
anindependentgridwithachosensetoflengthscalesinordertoaddaphysical
structuretothegeneratedvelocityﬂuctuations.Themodelissplitintotwosteps;
(A):anEulerianstep,and(B):aLagrangianstep.Theaimofstep(A)ofthemodel
istogenerateﬂuctuationswithphysicalcharacteristicswhichcancorrectlypredict
thedispersionofparticlepairsaswelasthedispersionofdiscreteparticle/ﬂuid-
particlepairs.
Tosatisfythegeneralityofthemodel,thelengthscalesassociatedwithStep(A)
maybelargerthantheKolmogorovlengthscale,henceStep(B)isneededtogener-
ateadditionalﬂuctuationswhichﬁlintherestofthemissingenergyspectrum.The
twostepsinessencesynthesisetwolevelsofﬂuctuations;EulerianandLagrangian
ﬂuctuations.1Theﬂuidvelocity“seen”attheparticletrajectoryiswrittenoutas
vf@p,i(t) =vf@p,i(t)+v′f@p,i(t)
=vf@p,i(t)+v′f@p,i(t)+v′′f@p,i(t)
(7.1)
wherethesubgridscalevelocityisseparatedintostep(A)subgridscalevelocityde-
notedasv′f@p,i(t)andstep(B)subgridscalevelocitydenotedasv′′f@p,i(t).Notethat
thethreetermsofequation7.1aretheinterpolatedtermsattheparticletrajectory.
Anilustrationofthecorrespondingenergyspectrumwiththetwolevelsofsubgrid
1Thenamingconventionisadoptedtosimplyilustratethatonesetofstatisticsareassociated
withaphysicalstructure,whichistypicalyrelatedtothechosenlengthscale,andhenceare
solvedonanEuleriangrid. Whereastheothersetofstatisticsarerandomandareonlyrelated
totheKolmogorovlengthscale.
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scalevelocitygenerationisshowninFigure7.1. Figure7.2showsaschematical
exampleoftheinstantaneousvelocityresultingfromthetwo-stepmodel.
()!E
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Figure7.1:Ilustrationofenergyspectrumwithtwolevelsofsubgridscalevelocity
generation.
t
ifv,
()tvif,~
() ()tvtv ifif ,,~ ′+
() () ()tvtvtv ififif ,,,~ ′+′+
Figure7.2:Ilustrationofinstantaneousvelocitywithtwolevelsofsubgridscale
velocitygeneration.
Brieﬂytheprocedurecanbesummarisedas:
1.TheEuleriansubgridvelocityﬂuctuations,v′f,i(t),areinitialisedfromamodel
spectrumbytriggeringasetofwavenumbersintherangeofπ/∆fluidand
π/∆particleandgeneratedateachtimestepbysolvingatransportequation.
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2.TheEulerianﬁlteredvelocityandtheEuleriansubgridvelocityﬂuctuations
areinterpolatedattheparticletrajectories.
3.TheLagrangiansubgridvelocityﬂuctuations,v′′f@p,i(t),aregeneratedforal
particlesinthedomainbysolvinganothertransportequation.
4.Thetotalsynthesisedsubgridvelocityﬂuctuations,v′f@p,i(t),attheparticle
trajectoryiscomputed.
5.Theinstantaneousvelocityattheparticletrajectoryisgeneratedwhenthe
ﬁlteredvelocityvf@p,i(t),isadded.
Thegeneratedﬂuctuationsofsteps(A);points(1)-(2),and(B);points(3)-(5),
mustsatisfythetransportequationofthesubgridscalevelocity,v′f,i(t),whichis
derivedinAppendixC.Theresultisgivenby
Dv′f,i
Dt =−v
′f,j
∂vf,i
∂xj +
∂τmij
∂xj −v
′f,j
∂v′f,i
∂xj −
1
ρ
∂P′
∂xi +
1
ρ
∂τ′ij
∂xj (7.2)
where.and′denoteﬁltered(orresidual)andsubgridquantities,τmij=vf,ivf,j−
vf,ivf,jandrepresentsthesubgridscaleshearstressesandthesuperscriptmdenotes
thatthisquantityismodeled.Inparticular,τmijismodeledviaeddyviscosity
modelssuchastheSmagorinskymodel(Smagorinsky,1963).Theﬁlteredsubstantial
derivativeforv′f,i(t)isdeﬁnedas
Dv′f,i
Dt =
∂v′f,i
∂t +vf,j
∂v′f,i
∂xj (7.3)
Thelefthandsideofequation7.3canbesplitintotwoparts,yielding
Dv′f,i
Dt =
Dv′f,i
Dt +
Dv′′f,i
Dt (7.4)
Thereforetwoﬁlteredsubstantialderivativesforv′f,i(t)andv′′f,i(t)canbedeﬁned,
whichalsosatisfyequation7.2. Theﬁlteredsubstantialderivativeofthesubgrid
velocityattheEulerianstepis
Dv′f,i
Dt =−v
′f,j
∂vf,i
∂xj +
∂τmij
∂xj −v
′f,j
∂v′f,i
∂xj −v
′f,j
∂v′′f,i
∂xj −
1
ρ
∂P′
∂xi +
1
ρ
∂τ′ij
∂xj (7.5)
153
Chapter7:Stochasticmodelingofsubgridscalevelocityﬂuctuations
andtheﬁlteredsubstantialderivativeofthesubgridvelocityattheLagrangianstep
is
Dv′′f,i
Dt =−v
′′f,j
∂vf,i
∂xj −v
′′f,j
∂v′f,i
∂xj −v
′′f,j
∂v′′f,i
∂xj −
1
ρ
∂P′′
∂xi +
1
ρ
∂τ′′ij
∂xj (7.6)
Notethatthelastthreetermsontherighthandsideofbothequationsareunknown
andclosuresareproposedinthefolowingsections.
7.2.1Step(A):Eulerianstepof model
Figure7.3showstwodiscreteparticles,namelypαandpβ,movinginaturbulent
ﬂowﬁeld.Thesediscreteparticlesmoveinasimilarfashionintheﬂowbecausetheir
motioniscorrelatedwiththesurroundingﬂowﬁeld. Consequently,themotionof
thetwodiscreteparticlesiscorrelatedwitheachotherbecausetheirinitialsepara-
tiondistanceissmal. Moreover,Figure7.3showsfourﬂuid-particlesthatinteract
withthediscreteparticlesattwodiﬀerentinstances;tandt+∆t.Figure7.3depicts
that:(a)adiscreteparticlepairwithasmalseparationwildisperseinasimilar
fashion,and(b)discreteparticlesinteractwithdiﬀerentﬂuid-particlesatdiﬀerent
instances;inthiscasefα1(t)andfα2(t+∆t)interactwithpαandfβ1(t)andfβ2(t+∆t)
interactwithpβ.TocorrectlypredictthedispersionofdiscreteparticlesinLES,a
stochasticmodelmustincorporatethesetwoimportantfeatures.
Figure7.3providesatwo-dimensionalilustrationofstep(A)oftheproposedmodel.
Generatingﬂuctuationsatthisstepincorporatestheaforementionedtwomessages.
Thisisbecauseanyﬂuctuationsgeneratedaretheninterpolatedtoeachindividual
particle(bothﬂuidanddiscreteparticles). Equation7.5isnotclosedbecauseit
containsunknownterms.Inparticular,thelastthreetermsontherighthandside
ofequation7.5needclosure.Ontheotherhand,terms∂vf,i/∂xjand∂τmij/∂xjcan
bedetermineddirectlyfromtheﬁlteredquantities. Term∂v′f,i/∂xjiscomputed
directlyfromtheparticlegridusedforstep(A).
7.2.1.1 Closureofunknowntermsforstep(A)
Thesubgridscalevelocityﬂuctuationsofstep(A),v′f,i,areinitialisedinasimilarway
astheﬂuctuationsoftheforcingschemedescribedinChapter3.Amodelspectrum,
e.g.thevon-Karmanspectrum,isusedtosynthesisevelocityﬂuctuations.Notethat
therangeofwavenumbersofthemodelspectrumusedforstep(A)ofthemodelare
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( )ttf ∆+α1( )ttf ∆+β1 ( )ttp ∆+β
()tpβ
()tfβ1
()tfα1
( )ttf ∆+α2
( )ttp ∆+α()tpα
()tfα2
()tfβ2
Figure7.3:2-Dilustrationofstep(A)ofthemodel.Double-dot-dashedlinedenote
thetrajectoriesofﬂuid-particlesandcontinuouslinesdenotethetrajec-
toriesofdiscreteparticles.fαandfβareﬂuid-particlesthatareinteract
withdiscreteparticlespαandpβatvarioustimestepsrespectively.Dot-
dashedlinesshowtheparticlemesh.
depictedinFigure7.1,i.e.
κmin= π∆fluid (7.7)
and
κmax= π∆particle (7.8)
where∆fluidand∆particlearetheﬂuidandparticlegridsizesrespectively.
Thesubgridscalevelocitygradienttermofstep(B),∂v′′f,i/∂xj,isestimatedfrom
turbulencetheoryas(formoredetailsseeGeorge,2010)
∂v′′f2,i
∂xj =


ǫ′′′f
15νf if(i=j)
2ǫ′′′f
15νf if(i=j)
(7.9)
whereǫ′′f isthesubgriddissipationofstep(B)anditisestimatedfromtheDNS
dataas,
ǫ′′f
ǫ′f=
1
100 (7.10)
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whereǫ′fisthesubgriddissipationofstep(A)andcomputedas
ǫ′f =2νf
κmax
κmin
κ2E(κ)dκ
≃C2SGS(∆2fluid|Sfluid|3−∆2particle|Sparticle|3)
(7.11)
Toprovideclosurefortheterms∂P′/∂xiand∂τ′ij/∂xj,byanalogyoftheGeneralised
LangevinModel(GLM)ofPope(1983,1985),ﬁrstconsiderthefolowingrelation
−1ρ
∂P′
∂xi +
1
ρ
∂τ′ij
∂xj =Gv
′f,i+ C0ǫ′fW˙i (7.12)
whereǫ′fisthesubgridscaledissipation,C0istheKolmogorovuniversalconstant
andGisadriftconstant. TermsGand C0ǫ′finherentlysatisfytheturbulence
kineticenergytodissipationratio(seePope,2000,Ch.12,pg489).Usingthesame
conceptusedinequation7.4,i.e.byseparatingtheﬂuctuatingcomponents,the
folowingrelationshipyields
−1ρ
∂P′
∂xi +
1
ρ
∂τ′ij
∂xj =G
′v′f,i+G′′v′′f,i+ C∗0ǫ′fW˙i+ C∗∗0ǫ′′fW˙i (7.13)
whereǫ′fandǫ′′farethesubgriddissipationofthetwostepsofthemodelandW˙iis
whitenoise.Therefore,theterms∂P′/∂xiand∂τ′ij/∂xjareassumedtobe
−1ρ
∂P′
∂xi +
1
ρ
∂τ′ij
∂xj =G
′v′f,i+ C∗0ǫ′fW˙i (7.14)
C∗0andC∗∗0 areadjustableparameterscorrespondingtotheKolmogorovconstant.
ByanalogytoPope(1994,2000),G′ijis2
G′=− 12+
3C∗0
4
ǫ′f
q′,2f
(7.15)
TheKolmogorovconstantC0isdeterminedbyequatingthetworelationshipsforthe
secondorderLagrangianstructurefunctionexpressedinequation6.16andrepeated
2TheclosuresforparametersC∗∗0 andG′′arediscussedinthenextsection.
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below,
DL2,ij(s) =
4q2f
3
s
Tf,Lδij
≈C0ǫfsδij
(7.16)
Hence,theconstantC∗0,whichdependsontheSGScharacteristicsoftheturbulent
ﬂowasshownbyFedeetal.(2006),iscomputedas
C∗0=
4q′,2f
3ǫ′f
1
T′f,L (7.17)
whereT′f,ListhesubgridintegralLagrangiantimescaleofstep(A).Thesubgrid
LagrangianintegraltimescaleofStep(A)isdeterminedas
β=Tf,LTf,E=γ
T′f,L
T′f,E (7.18)
whereTf,ListheLagrangianintegraltimescale,Tf,EistheEulerianintegraltime
scaleandT′f,EisthesubgridEulerianintegraltimescaleofstep(A)andγisapre-
deﬁnedconstant.Equation7.18assumesthattheratioofthesubgridLagrangian
tosubgridEulerianintegraltimesscalesmultipliedbyaconstantisequaltothe
ratioofLagrangiantoEulerianintegraltimesscales. Berrouketal.(2007)set
γ=1andhencetheyassumethattheratiooftheTf,L/Tf,E=T′f,L/T′f,E. Moreover
Berrouketal.(2007),whofolowtheworkof WangandStock(1993),setβ=
0.356. Additionaly,SatoandYamamoto(1987),whoperformanexperimental
studyofﬂuid-particlesinisotropicturbulence,mentionthatTf,L/Tf,Evarieswith
Reλ.Hence,itispostulatedthattheratioT′f,L/T′f,EisalsoReλdependent.However
thevariationofT′f,L/T′f,EwithReλhasadiﬀerentdependanceandthereforeinthis
study,γ=0.1.FedeandSimonin(2006)determineananalyticalexpressionfroma
modelspectrumforthesubgridEulerianintegraltimescale,givenas
T′f,E=3π10κmin
2
3q
2f
−1
(7.19)
whereκmin isthecorrespondingﬁlterwavenumberforstep(A).Equation7.18and
equation7.19areusedtoestimateT′f,L.Thesubgridkineticenergyofstep(A),q′,2f ,
is
q′,2f =
κmax
κmin
E(κ)dκ (7.20)
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Notethatq′,2f isobtaineddirectlyfromtheDNSdata.whereCSGSistheSmagorin-
skyconstant(Smagorinsky,1963)anditisadjustedtogivethecorrectdissipation
ratewhichcorrespondstothesinglephaseDNSdata.|S|isthemodulusofthe
ﬁlteredstraintensor,givenby3
|Sfluid|= 2˜Sij˜Sij (7.21)
wheretheﬁlteredstraintensoris
S˜ij=12
∂˜vf,i
∂xj+
∂˜vf,j
∂xi (7.22)
and
|Sparticle|= 2S′ijS′ij (7.23)
wheretheﬁlteredstraintensoris
S′ij=12
∂v′f,i
∂xj+
∂v′f,j
∂xi (7.24)
Hence,bysubstitutingequation7.14intoequation7.5,Dv′f,i/Dtismodeledas
Dv′f,i
Dt =−v
′f,j
∂vf,i
∂xj +
∂τmij
∂xj −v
′f,j
∂v′f,i
∂xj−v
′f,j
ǫ′′′f
15νf+G
′v′f,i+ C∗0ǫ′fW˙i(7.25)
AfterevaluatingtheindividualtermsofDv′f,i/Dt,thesearetheninterpolatedtothe
individualdiscreteparticles.
7.2.2Step(B):Lagrangianstepof model
Figure7.4providesatwo-dimensionalilustrationofstep(B)ofthemodel.Since
informationislostduetoﬁlteringandnotalinformationisgeneratedbystep(A),
step(B)isusedtoﬁlinthemissinginformation.Thebasicideabehindthisstep
istocorrectlydeterminetheﬂuidvelocityatthenewparticlepositionatt+∆t.
Figure7.4ilustratesthattheoriginalpositionoftheﬂuidparticle,fα2(t),interact-
ingwiththediscreteparticle,pα(t+∆t),att+∆tisunknown. However,from
theoreticalandDNSstudiesofHIT,itisknownthatthepositionofaﬂuid-particle,
fα2(t),satisﬁesaGaussianpdf. TheshadedenvelopeshowninFigure7.4denotes
3|Sfluid|and|Sparticle|denotethemodulusoftheﬁlteredstraintensoratthetwowavenumbers
correspondingtotheﬂuidandparticlegrids.
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thepossibletrajectoriesandpositionsoftheﬂuid-particleatx+fα2,i(t).
()tf!1
( )ttf !+1
( )ttf !+2( )ttp !+()tp!
()tf!2
!x2 #t()
Figure7.4:2-Dilustrationofstep(B)ofthemodel.Double-dot-dashedlinedenote
thetrajectoriesofﬂuid-particlesandcontinuouslinesdenotethetra-
jectoriesofdiscreteparticles.Dot-dashedlinesshowtheparticlemesh.
∆x2(t′)istherootmeansquaredispersionattimet′.
Thepositionx+fα2,i(t)ofﬂuid-particlefα2ispredictedusing
x+fα2,i(t)=x+fα2,i(t+∆t)−∆r+fα2,i(t) (7.26)
wherex+fα2,i(t+∆t)isgivenbythediscreteparticlepositionxp(t+∆t)and
∆r+fα2,i(t)= ∆x+2fα2,i(t)ξi (7.27)
whereξihasaGaussiandistributiongivenasN(0,1)and∆x+2fα2,i(t)isthemean
squaredispersionfromthepointsource(thepositionofthediscreteparticlep),
deﬁnedas
∆x+2fα2,i(t)=2v2fTf,Lt−Tf,L1−exp −t/Tf,L (7.28)
where v2f isthevarianceoftheﬂuidandTf,ListheLagrangianintegraltimescale.
Oncetheﬂuidparticlepositionoffα2(t)issampledfromequation7.26,thesub-
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gridscalevelocityofstep(B),v′′+fα2,i(x+fα2,i(t),t),canbeestimatedas
v′′fα2,i+(x+fα2,i(t),t)=v′′fα1,i
+(x+fα1,i(t),t)+
∂v′′,+fα1,i
∂xj∆x+O(∆x
2) (7.29)
where∆xisthedistancebetweenthetwoﬂuid-particlesfα1andfα2attimet.This
ratioisobtainedfromtheDNSdataandthechosenlengthscalesofbothsteps.
Thetransportequationforv′′fα2,i+(x+fα2,i(t),t),givenbyequation7.6,issolvedasa
Langevinequation.
∆v′′+f2,i=−v′′+f2,j
∂vf2,i
∂xj
+∆t−v′′+f2,j
δǫ′′f
15νf∆t−v
′′+f2,j
∂v′f2,i
∂xj∆t
+v′′+f2,iG′′∆t+ C∗∗0ǫ′′fdWi(t)
(7.30)
wheredWi(t)representsa Wienerprocess,i.e.itisnormalydistributedas∼
N(0,∆t).δ=1ifi=jandδ=2ifi=j. ByanalogytoPope(1994,2000),
thelasttwotermsofequation7.30modelthesubgridpressuregradientandviscous
terms.Inparticular,thetermG′′isgivenby
G′′=− 12+
3C∗∗0
4
ǫ′′f
q′′,2f
(7.31)
and
C∗0=
4q′′,2f
3ǫ′′f
1
T′′f,L (7.32)
whereT′′f,ListhesubgridLagrangianintegraltimescaleofstep(B)andestimated
fromequation7.18andequation7.19butwithκmax asthecut-oﬀwavenumber,in
ordertoestimatethesubgridEulerianintegraltimescaleofstep(B).
Thesubgridscalevelocityv′′+f2,i(x+f2,i(t+∆t),t+∆t)att+∆tisgivenby
v′′+f2,i(x+f2,i(t+∆t),t+∆t)=v′′+f2,i(x+f2,i(t),t)+∆v′′+f2,i (7.33)
Thereconstructedﬂuidvelocityatt+∆tis
v+f2,i(x+f2,i(t+∆t),t+∆t) =v+f2,i(x+f2,i(t+∆t),t+∆t)
+v′+f2,i(x+f2,i(t+∆t),t+∆t)
+v′′+f2,i(x+f2,i(t+∆t),t+∆t)
(7.34)
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wheretheﬁlteredvelocityv+f2,i(x+f2,i(t+∆t),t+∆t)andv′+f2,i(x+f2,i(t+∆t),t+∆t)
areinterpolatedfromtheEulerianﬁeld.
7.3Simulationsandconditions
DNSsimulationsofforcedhomogeneousandisotropicturbulenceatReλ=35.4
withparticlesofSt=0.07,St=1.12andSt=5.15areperformed.Solidparticles
andﬂuid-particlesaretrackedfor6Tf,Landthesingleparticleandparticle-pair
dispersionisevaluated. Theﬂowﬁeldisthenﬁlteredwithtwotestﬁltersofsize
∆1=4.5ηκand∆2=7.5ηκtodeterminetheinﬂuenceonthesingleandparticle
pairdispersion. Moreover,twoadditionalfulycoupledLESsimulationswithoutthe
modelareperformed.Inparticular,twoperiodiccubicboxesofgridsize323and
163areusedtoinvestigatetheeﬀectoftheSmagorinskymodel(Smagorinsky,1963)
ontheparticledispersionstatistics. Notethatinalsimulationsaround22,000
ﬂuid-particlesareaddedinthedomain. Theproposedstochasticmodelisthen
validatedwiththeaidoftheDNSresults.Infact,tovalidatethemodelthreetests
areperformed:
1.Comparisonofthesinglediscreteparticledispersionaspredictedbythemodel
withtheDNSdata
2.Comparisonoftheﬂuid-particle/discreteparticlepairdispersionaspredicted
bythemodelwiththeDNSdata
3.Comparisonoftheparticlepairdispersionwithdiﬀerentinitialseparationsas
predictedbythemodelwiththeDNSdata
7.4 Results
7.4.1 AposterioriﬁlteringofDNSdata
7.4.1.1Eﬀectofﬁlteringonsingleparticledispersion
Figure7.5showsthedispersionofparticleswithSt=0.07,St=1.12andSt=5.15
atReλ=35.4.Notethatthemeansquaredisplacementofsolidparticles,∆y2p(t)
isdeﬁnedbyequation3.24,whichisrepeatedbelow
∆y2p(t)= 1Nfp
Np
(x+p(t)−x+p(0))2
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whereNfpisthenumberofﬂuid-particlesaddedinthedomain.Similarlytothe
conclusionsofFedeandSimonin(2006)andArmenioetal.(1999),byﬁltering
theDNSﬁeldthedispersionofsolidindividualparticlesisnotaﬀected. Some
discrepanciesareobservedatlongdiﬀusiontimesbutthesearenotsigniﬁcant.It
isnoteworthythatthesediscrepanciesincreaseslightlywhenalargertestﬁlteris
used.Thisisbecauselargertestﬁltersaﬀectlargerﬂuidstructures,however,these
diﬀerencesareinsigniﬁcanttocauselargedeviationsinthedispersionofparticles.
7.4.1.2Eﬀectofﬁlteringonﬂuid-particleanddiscreteparticlepair
dispersion
Figure7.6showsthedispersionoftheﬂuid-particleandsolidparticlespairswith
St=0.07,St=1.12andSt=5.15. Themeansquaredisplacementbetweena
ﬂuid-particleandadiscreteparticleisdeﬁnedbyequation6.9andrepeatedbelow
∆z2f,p(t)= x+f(t)−x+p(t)
2
wherex+f(t)andx+p(t)arethepositionoftheﬂuidandsolidparticlesattimet
respectively.Notethat∆z2f,p(0)=0,hencetheﬂuid-particlesandsolidparticles
diﬀusefromthesameinitialposition. WithincreasingStokesnumber,theeﬀectof
ﬁlteringonthedispersionofﬂuid-particle/discreteparticlepairsdecreases,asshown
inFigure7.6. Despitethefactthatthesingleparticledispersionisnotaﬀected
byﬁltering,theﬂuid-particle/discreteparticlepairdispersionisindeedaﬀected,
especialyforSt<1particles.Thisisbecauseﬁlteringaﬀectsthecross-correlation
termthatrelatesthemotionofthetwotypesofparticles.Additionaly,themean
squareseparationbetweensolidandﬂuid-particlepairsisaﬀectedwhenalargerﬁlter
isused.Thisisbecausebyremovingalargerportionoftheturbulencekineticenergy,
thecross-correlationtermisinﬂuencedbyalargerfactor.Figure7.7comparesthe
discreteparticleandﬂuid-particlepairdispersioninlogarithmicaxesforSt=0.07
particles.Theﬁgureshowsthatthedispersionatshortdiﬀusiontimes(t<τλ),the
ﬁlteredpairseparationislargercomparedtotheDNScase. Thismeansthatthe
absenceoftheSGSforSt>1andt<τf,λcausesadecorrelationofthepairs.
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Figure7.5:DiscreteparticledispersionatReλ=35.4obtainedfromtheDNSdata
(continuousline),ﬁlteringwithﬁneﬁlter∆1(dashedline)andﬁltering
withcoarseﬁlter∆2(dot-dashedline)forvariousStokesnumbers(St=
0.07,St=1.12andSt=5.15).
7.4.1.3Eﬀectofﬁlteringonparticle-pairdispersion
Themeansquareseparationbetweentwosolid-particlesisdeﬁnedbyequation6.18
andrepeatedbelow
∆z2p1p2(t,so)= x+p1,i(t)−x+p2,i(t)
2
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Figure7.6:Discreteparticleandﬂuid-particlepairdispersionatReλ=35.4ob-
tainedfromtheDNSdata(continuousline),ﬁlteringwithﬁneﬁlter∆1
(dashedline)andﬁlteringwithcoarseﬁlter∆2(dot-dashedline)for
variousStokesnumbers.
wherethesubscriptsp1andp2denotetwoneighbouringsolidparticles.Theinitial
separationdistancebetweenthetwoparticlesisgivenbyso,whichisdeﬁnedby
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Figure7.7:Discreteparticleandﬂuid-particlepairdispersionatReλ=35.4ob-
tainedfromtheDNSdata(continuousline),ﬁlteringwithﬁneﬁlter∆1
(dashedline)andﬁlteringwithcoarseﬁlter∆2(dot-dashedline)for
St=0.07(logarithmicaxes).
equation6.19andrepeatedbelow
so= x+p1,i(to)−x+p2,i(to)
wheretoistheinitialtime.Figure7.8showsthedispersionofsolidparticlespairs
withSt=0.07,St=1.12andSt=5.15atvariousinitialseparations;namely
so=ηκ,so=4ηκ,so=8ηκandso=10ηκ.
Filteringtheﬂowﬁeldaﬀectsthemeansquareseparationdiﬀerentlyatdiﬀerent
initialseparations. Figure7.8showsthatwithincreasingso,∆z2p1p2(t)isless
aﬀectedforbothﬁltersforalStokesnumbers,whichisinagreementwiththecon-
clusionsofArmenioetal.(1999).Thisisbecause,atlargeinitialseparationsthe
particlepairsareuncorrelatedwitheachotherandhencedisperseindependentlyas
singleparticles.Ontheotherhand,atsmalinitialseparations,e.g.so=ηκ,ﬁlter-
ingresultsinalowermeansquareseparationwhencomparedtotheDNSresults.
Thismeansthatwhenthehighfrequencycomponentsofturbulenceareremoved,
theparticlepairsremainclosertogetherforalongerperiodoftime,especialyfor
St<1particles. Asshownintheprevioussection,ﬁlteringhasthebiggesteﬀect
onthecross-correlationdispersiontermofapair,whichisalsothecasefortwo
165
Chapter7:Stochasticmodelingofsubgridscalevelocityﬂuctuations
0.0 0.2 0.4 0.6 0.8t
0.0
0.1
0.2
0.3
0.4
0.5
0.6
∆z
2 pp
(t)
×1
0−
2
so
St=0.07 from DNS
St=0.07 from ∆1=4.5ηκ
St=0.07 from ∆2=7.5ηκ
(a)St=0.07.
0.0 0.2 0.4 0.6 0.8t
0.0
0.1
0.2
0.3
0.4
0.5
∆z
2 pp
(t)
×1
0−
2
so
St=1.12 from DNS
St=1.12 from ∆1=4.5ηκ
St=1.12 from ∆2=7.5ηκ
(b)St=1.12.
0.0 0.2 0.4 0.6 0.8t
0.00
0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
∆z
2 pp
(t)
×1
0−
2
so
St=5.15 from DNS
St=5.15 from ∆1=4.5ηκ
St=5.15 from ∆2=7.5ηκ
(c)St=5.15.
Figure7.8:DiscreteparticlepairdispersionatReλ=35.4obtainedfromtheDNS
data(continuousline),ﬁlteringwithﬁneﬁlter∆1(dashedline)and
ﬁlteringwithcoarseﬁlter∆2(dot-dashedline)forvariousStokesnum-
bersanddiﬀerentinitialseparations;so=ηκ,so=4ηκ,so=8ηκand
so=10ηκ.
particlepairs.Furthermore,theapplicationofabiggertestﬁlter,resultsinalower
∆z2p1p2(t)foralStandthisisbecausetheaforementionedcross-correlationterm
isaﬀectedbyalargerfactor.
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7.4.2 Comparisonofthedispersionoflightparticlesinthe
LESandDNSframeworks
ItisusefultoknowthediﬀerencesofparticledispersioninfulycoupledLESsim-
ulationscomparedtoDNS.Hencetwoadditionalsimulationsareperformedwith
twoperiodicgridsofsizes163and323andlength0.128m.AsArmenioetal.(1999)
mention,thiswilenabletoinvestigatetheeﬀectofthesubgrid-scalemodelonthe
particledispersionstatistics. Theprevioussectionhasshownthatparticlepairs
involvingparticlesofSt<1aremostaﬀectedbytheﬁlteringprocedure.Therefore,
onlyparticlesofSt=0.07atReλ=35.4areexaminedinthissection. Notethat
onlytheSmagorinskymodel(Smagorinsky,1963)isusedasitisoutsidethescopeof
thisworktoinvestigatetheeﬀectofdiﬀerenteddyviscositymodels.However,the
interestedreaderisreferredtotheworkofArmenioetal.(1999)whocomparethe
eﬀectofdiﬀerenteddyviscositymodelsonthedispersionofparticlesinaturbulent
channelﬂow.
7.4.2.1EﬀectofLESonsinglediscreteparticledispersion
Figure7.9comparesthesinglediscreteparticledispersionobtainedfromtheDNS
simulationswiththetwoLESsimulationsofgridsize323and163.Theﬁgureshows
thatthesingleparticledispersionisnotaﬀectedbytheLESsimulationsforboth
gridsizes.Itshouldbementionedthatforthecoarsergridslightdiscrepanciesof
theorderof∼3%atlongdiﬀusiontimesareobserved.Thisisbecausethelargest
resolvedlengthscaleofthe163isnearthepeakoftheenergyspectrumandhence
thelargelengthscalesthatdominatetheparticledispersionareslightlyaﬀected
bytheﬁltering. Neverthelesstheresultsareconsistentwiththeobservationsof
theprevioussectionwhereaposterioriﬁlteringoftheDNSdataisperformedand
withtheliterature(forexampleseeArmenioetal.,1999;FedeandSimonin,2006).
Moreover,onthebottomrightcornerofFigure7.9theresultsaremagniﬁedfrom
t=0tot=0.3.Theresultsshowthatthesingleparticledispersionisnotaﬀected
bytheSGS.
7.4.2.2EﬀectofLESonﬂuid-particle/discreteparticlepairdispersion
Figure7.10comparestheﬂuid-particle/discreteparticlepairdispersionfromthe
DNSsimulationswiththetwoLESsimulationsofgridsize163and323.Theﬁgure
showssigniﬁcantdiﬀerencesfromtheDNSdata(e.g.att=1.5s∼33%forthe
323gridand∼66%forthe163grid).Ontheotherhand,thediﬀerencesobserved
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Figure7.9:SinglediscreteparticledispersionofDNScomparedtoLESofdiﬀerent
gridsizes.Onthebottomrightcorneroftheﬁgurethedataaremagniﬁed
fromt=0tot=0.3.
afterﬁlteringtheDNSdataaremuchlower.ThisshowsthattheLESsimulations
under-predict,byalargepercentage,thedispersionoftheﬂuid-particle/discrete
particlepairs. Hence,ﬁlteredDNSmaynotbethe“ideal”waytoexaminethe
eﬀectsofSGSonﬂuid-particle/discreteparticlepairdispersion. Additionaly,this
under-predicitonilustratestheimportanceofthecorrectgenerationofthesubgrid
scalevelocityﬂuctuationsevenattheselowReynoldsnumbersimulations.Itis
alsointerestingtonotethatthesingleparticledispersionofbothﬂuid-particlesand
discreteparticlesisnotaﬀectedbytheLESsimulations,thiscanonlymeanthatthe
correlationterm,whichrelatesthemotionofﬂuid-particlesanddiscreteparticles
isaﬀected(refertoFigure6.8).Infactthistermisover-predictedmeaningthat
theLESsimulationskeeptheﬂuid-particlesanddiscreteparticlescorrelatedfora
longerperiodoftime,whichisshowninFigure7.11.Hencesubgridscaleshavethe
tendencytodecorrelatetheﬂuid-particle/discreteparticlepairs.
7.4.2.3EﬀectofLESontwoparticlepairdispersion
Figure7.12comparesthedispersionofparticlepairs(bothﬂuid-particlesanddis-
creteparticles)atinitialseparationsso=ηκ,so=4ηκandso=8ηκobtained
fromtheDNSsimulationswiththe323simulation. Theparticlepairdispersion
atso=ηκpredictedbytheLESsimulationisunderpredictedby∼14%which
isalargerdiﬀerencecomparedtotheﬁlteredDNSdata. Theresultsshowthat
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Figure7.10: Fluid-particle/discreteparticlepairdispersionofDNScomparedto
LESofdiﬀerentgridsizes.
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Figure7.11:Fluid-particle/discreteparticlecrosscorrelationtermofDNScompared
toLESofdiﬀerentgridsizes.
particle-ladenLESsuﬀersfromthecorrectpredictionoftheparticlepairdispersion
whichleadstolargediﬀerencescomparedtotheDNSdata. Thusitisimportant
toincludethesubgridscaleﬂuctuationsviaastochasticmodelevenintheselow
Reynoldsnumbersimulations.Perhapsthelargerdiﬀerencesarealsoduetothefact
thatthelargescalesinLESarenotfulycapturedwhencomparedtotheﬁltered
DNScase,whichinturnleadstotheunderpredictionoftheparticlepairdispersion.
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ItisinterestingtonotethatwithincreasinginitialseparationdistancetheLES
resultsapproachtheDNSresults. Thisisbecausewithincreasingseparationdis-
tancetheparticlepairdispersionresemblesthedispersionofsingleparticles,as
alreadydiscussedinChapter6.Hencethecrosscorrelationterm,whichissmalat
largeinitialseparations,isnotsigniﬁcantlyaﬀectedbytheLES.
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Figure7.12: TwoparticlepairdispersionofDNScomparedtothe323LESsimula-
tionatinitialseparationsofso=ηκ,so=4ηκandso=8ηκ.Theﬁgure
showsbothﬂuid-particlesanddiscreteparticlepairs.
7.4.3 Modelvalidation
TheproposedmodelinSection7.2isvalidatedbyre-computingthetrajectoriesof
particleswithSt=0.07,St=1.12andSt=5.15oftheﬁlteredDNSdata. Ta-
ble7.1showsthevariousturbulentﬂowstatisticsthatarerequiredbythestochastic
model.TheﬂowstatisticsarebasedonthesinglephaseDNSdataatReλ=35.4.
Figure7.13showstheenergyspectraobtainedbyﬁlteringtheDNSdatawithtest
ﬁlter∆2=7.5ηκandthecorrespondingsingle-phaseDNS.Theﬁgurealsoshows
thecut-oﬀwavenumberandilustratesthatthiswavenumberiswithintheinertial
range.
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Table7.1: TurbulentﬂowstatisticsandparametersofLESsimulationswithpro-
posedmodelbasedonsinglephasedata.
Quantity –
TaylorReynoldsnumber,Reλ 35.4
Turbulencekineticenergy,q2f(m2s−2) 0.00652
Subgridturbulencekineticenergy,q2,′f (m2s−2) 0.00054Dissipationrate,ǫf(m2s−3) 0.01575
Subgriddissipationrate,ǫ′f(m2s−3) 0.00457FluidEulerianintegraltimescale,Tf,E(s) 0.235
FluidLagrangianintegraltimescale,Tf,L(s) 0.172
Cut-oﬀﬁlterwidthofStep(A),κcηκ 0.41
Cut-oﬀﬁlterwidthofStep(B),κcηκ 3.04
Smagorinskyconstant,CSGS 0.08
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Figure7.13: EnergyspectrumobtainedfromtheDNSsimulationswithparticles
ofSt=0.07(continuousline),energyspectrumobtainedfromﬁltered
DNSsimulationswithparticlesofSt=0.07(squaresymbols)andcut-
oﬀwavenumberoftestﬁlter∆2(dashedline).
7.4.3.1 Modelpredictionofsinglediscreteparticledispersion
Figure7.14comparesthesinglediscreteparticledispersionascomputedfromthe
DNSdatawiththepredictionoftheproposedmodel.Theﬁgurealsocomparesthe
singleparticledispersionobtainedbyﬁlteringtheDNSﬁeldwithoutthemodel.As
alreadydiscussedintheprevioussections,thesingleparticledispersionisdominated
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bythelargeturbulentscales,hencethediﬀerencesobtainedbetweentheDNSand
ﬁlteredcasesarenotsigniﬁcant.Nevertheless,themodelimprovesthepredictionof
thesingleparticledispersionforbothStokesnumbersby∼0.5%,despitethefact
thatthediﬀerencesarenotvisibleonFigure7.14.
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Figure7.14:SinglediscreteparticledispersionofDNSwithSt=0.07andSt=5.15
particlescomparedtotheﬁlteredDNScasewithandwithoutthemodel.
Thetestﬁlterusedis∆2=7.5ηκ.
7.4.3.2 Modelpredictionofﬂuid-particleanddiscreteparticlepair
dispersion
Figure7.15comparestheﬂuid-particle/discreteparticlepairdispersionobtained
fromtheDNSdatawiththemodelprediction. Additionaly,thedispersionob-
tainedfromtheﬁlteredDNSwithoutthemodelisshowninFigure7.15.Theﬁgure
showsthatbyremovingthesmalscales,theseparationdistancebetweenaﬂuid-
particle/discreteparticlepairdecreases.However,themodelimprovestheprediction
signiﬁcantly;by∼50%improvementforSt=0.07particlesasshowninFigure7.15.
Ontheotherhand,byconsideringthehigherStokesnumber(St=5.15)casethe
modeldoesnotsigniﬁcantlyaﬀecttheﬁlteredﬂuid-particle/discreteparticledisper-
sion.
Perhapsthemodel,withincreasingSt,becomeslesseﬀectiveduetotheparticles’
inertia.TheTchen-Hinzetheory(Tchen,1947;Hinze,1975)predictsthatinertial
particlesareunresponsivetoturbulence.Inparticular,inChapter6ithasbeen
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shownthatinertialparticlesareparticularlyunresponsivetohighfrequencyﬂuc-
tuations. Hence,simplygeneratingsubgridvelocityﬂuctuationsisnotsuﬃcient
topredicttheﬂuid-particle/discreteheavyparticlepairdispersionatlongdiﬀusion
times.Thisisbecausethepairatlongdiﬀusiontimes,hasseparatedsuﬃcientlyand
itis,therefore,dominatedbythelargelengthscales.Hence,thepredictionforthe
dispersionoftheﬂuid-particle/discreteparticlepairbecomesmodelindependentas
theseparationdistancebetweenthepairsincreases(i.e.withincreasingtime).
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Figure7.15:Fluid-particle/discreteparticlepairdispersionofDNSwithparticles
St=0.07andSt=5.15comparedtotheﬁlteredDNSwithandwithout
themodel.Thetestﬁlterusedis∆2=7.5ηκ.
7.4.3.3 Modelpredictionofdiscreteparticlepairdispersionwith
variableinitialseparation
Figure7.16ilustratesthesubgridandresidualeddiesinteractingwithaparticle
pairwithaninitialseparationso.Theﬁgureshowsthatwhentheinitialseparation
soisofthesameorderasthesubgridscales,thesescalesaﬀectthedispersionof
thepair. Ontheotherhand,whentheseparationoftheparticlesincreases,the
residualscalesstarttodominatethedispersionofthepairs,therefore,theinﬂuence
ofthesubgridscalesisreduced,whichissimilartotheargumentoftheprevious
section.Themodelimprovesthedispersionofthepairswhentheinitialseparation
distanceissmal,butatlargerinitialseparationsthemodelmoderatelyinﬂuences
thepairdispersion.Figure7.17showstheparticlepairdispersionpredictedbythe
model,withinitialseparationsofso=ηκ,so=4ηκandso=8ηκforSt=0.07
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particles. Theﬁgureconﬁrmstheaforementionedargument,i.e.atso=ηκ,the
modelpredictionisinverygoodagreementwiththecorrespondingDNSdata.On
theotherhand,atlargerinitialseparations(i.e.so=4ηκandso=8ηκ),themodel
moderatelyimprovesthepairdispersion.
Moreover,Figure7.16ilustratesthatatlargediﬀusiontimes,thepairsareun-
correlatedandhencetheirdiﬀusionisdominatedbythelargescales. Therefore,
atlargediﬀusiontimesthemodelmoderatelyinﬂuencestheparticlepairdisper-
sionirrespectiveoftheirinitialseparationandthisisalsoshowninFigure7.17.
Figure7.18showstheparticlepairdispersionpredictedbythemodel,withinitial
separationsofso=ηκ,so=4ηκandso=8ηκforSt=5.15particles.Similarly
withthepairdispersionofSt=0.07particles,thepairdispersionatsmalinitial
separationsso=ηκisinverygoodagreementwiththecorrespondingDNScase.On
theotherhand,atlargerinitialseparationsthemodel’seﬀectonthepairdispersion
isnotsigniﬁcant. Moreover,atlongdiﬀusiontimes,thepairdispersiontendstothe
ﬁlteredDNScase,furtherconﬁrmingthepreviousargument,i.e.thepairdispersion
atlargediﬀusiontimesisdominatedbythelargescalesoftheﬂow.
Figure7.16:Schematicoftheinteractionofsubgridandresidualeddiesonthedis-
persionofaparticlepairwithinitialseparationsoinahomogeneous
andisotropicﬂow.
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Figure7.17:ParticlepairdispersionofDNSwithSt=0.07particlescomparedto
theﬁlteredDNSwithandwithoutthemodel.Theinitialseparations
areso=ηκ,so=4ηκandso=8ηκ.Thetestﬁlterusedis∆2=7.5ηκ.
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Figure7.18:ParticlepairdispersionofDNSwithSt=5.15particlescomparedto
theﬁlteredDNSwithandwithoutthemodel.Theinitialseparations
areso=ηκ,so=4ηκandso=8ηκ.Thetestﬁlterusedis∆2=7.5ηκ.
7.5Summaryandconclusions
Thepurposeofthischapterwasﬁrsttoexaminetheeﬀectsofthesubgridturbulence
onthedispersionofparticlesandtheirpairs.Secondly,andmostimportantly,a
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newstochasticmodelwasproposed. DNSsimulationsofforcedhomogeneousand
isotropicturbulenceatReλ=35.4withparticleStokesnumbersof0.07,1.12and
5.14areusedasbenchmarktest-casesinordertoexaminetheeﬀectofﬁltering
ontheparticlepairdispersion. Anovelstochasticmodelisproposedtoproduce
subgridvelocityﬂuctuationsthatsatisfytheparticlepairdispersioncharacteristics
inturbulence.Themainideaofthemodelistosolveatransportequationforthe
subgridvelocityﬂuctuationsonachosensetoflengthscales.Thisthereforerequires
themodeltobesplitintotwosteps;(A):anEulerianstep,and(B):aLagrangian
step.ThemodelisvalidatedwithﬁlteredDNS.
TherawDNSdataﬁeldisaposterioriﬁlteredwithtwotestﬁlters,ofsize∆1=4.5ηκ
and∆2=7.5ηκ,which“mimic”theeﬀectofLES,andtheparticlesaretracked
for6Tf,L. TheresultsshowthatforalexaminedStnumbers,thesingleparticle
dispersionisnotaﬀectedbytheﬁlteringprocess,whichisinagreementwiththe
literature.Thisindicatesthatthesingleparticledispersionisdrivenbytheresidual
lengthscales. Ontheotherhand,theﬂuid-particle/discreteparticledispersionis
indeedaﬀectedbytheﬁlteringprocess.TheresultsindicatethatwithdecreasingSt
number,theﬂuid-particle/discreteparticlepairdispersiondecreases. Moreover,the
particlepairdispersionwithvariableinitialseparationsisexamined. Theresults
showthatthepairdispersionisunder-predicted. However,theunder-prediction
decreaseswithincreasinginitialseparation.Thisisbecauseforsmalinitialsepa-
rations,thepairdispersionisdependentonthesubgridscales,whereasforlarger
initialseparationsthepairsareuncorrelatedtoeachother,meaningthattheparticle
pairdispersiondependsontheresiduallengthscales.
TwoadditionalfulycoupledLESsimulationsofgridsizes163and323atthe
sameReynoldsnumberareperformedtoexaminetheeﬀectoftheSmagorinsky
model. SimilarlytotheﬁlteredDNScase,thesingleparticledispersioninLES
isstilnotaﬀected,whichisalsoinagreementwiththeliterature. However,the
ﬂuid-particle/discreteparticlepairdispersionisunder-predictedbyalargerfactor
whencomparedtothecorrespondingﬁlteredDNScase.Theresultsshowthatthe
crossdispersionterm,whichrelatesthemotionoftheﬂuid-particlesanddiscrete
particles,isover-predictedinLES.Thiscausestheunder-predictionontheﬂuid-
particle/discreteparticlepairdispersion. ThisimpliesthatinLES,ﬂuid-particles
anddiscreteparticlesaretoocorrelatedwitheachotherandimpliesthatthesubgrid
scaleshavethetendencytodecorrelatethepairs. Whentheinitialseparationofa
particlepairisofthesameorderastheKolmogorovlengthscale,thepairdisper-
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sioninLESareunder-predictedby∼14%,whichislargerthanthecorresponding
ﬁlteredDNScase.Nevertheless,theresultsforboththeﬁlteredDNSandLEScases
showtheimportanceofincludingthesubgridscalesonthedispersionofparticle
pairs,evenattheselowReλsimulations.
Theresultsoftheproposedmodelshowthatthepredictionoftheﬂuid-particle/discrete
particlepairdispersionforSt=0.07particlesimprovesby∼50%. Moreover,the
resultsfortheparticlepairdispersionareverypromising. Whentheinitialsepara-
tionoftheparticlepairsissmal(oftheorderoftheKolmogorovlengthscale),the
resultsareinverygoodagreementwiththeDNSdata,irrespectiveofSt.However,
whentheinitialseparationincreases,thepredictionfortheparticlepairdispersion
ismoderatelyimproved.Perhapsthisisduetothefactthatwithincreasinginitial
separationtheparticlepairdispersionisdominatedbythelargeresidualscalesand
hencebecomeindependentofthesubgridscales.
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8LargeEddySimulationsof
turbulentparticle-ladenchannel
ﬂow
Abstract
ThischapterscrutinizestheLargeEddySimulation(LES)approachtosimulatethe
behaviourofinter-actingparticlesinaturbulentchannelﬂow. Aseriesofsimu-
lationsthatarefuly(four-way),two-wayandone-waycoupledareperformedin
ordertoinvestigatetheimportanceoftheindividualphysicalphenomenaoccurring
inparticle-ladenﬂows. Moreover,thesoftsphereandhardspheremodels,whichde-
scribetheinteractionbetweencolidingparticles,arecomparedwitheachotherand
thedrawbacksandadvantagesofeachalgorithmarediscussed.Diﬀerentmodelsto
describethesub-gridscalestresseswithLESarecompared.Finaly,simulationsac-
countingfortheroughwalsofthechannelarecomparedtosimulationswithsmooth
wals.Theresultsofthesimulationsarediscussedwiththeaidoftheexperimen-
taldataofKussinJ.andSommerfeld M.,2002,Experimentalstudiesonparticle
behaviourandturbulencemodiﬁcationinhorizontalchannelﬂowwithdiﬀerentwal
roughness,Exp.inFluids,33,pp.143-159ofReynoldsnumber42,000basedonthe
fulchannelheight.Thesimulationsarecarriedoutinathree-dimensionaldomain
of0.175m×0.035m×0.035mwherethedirectionofgravityisperpendicularto
theﬂow. Thesimulationresultsdemonstratethatroughwalsandinter-particle
colisionshaveanimportanteﬀectinredistributingtheparticlesacrossthechannel,
evenforverydiluteﬂows. Anewroughnessmodelisproposedwhichtakesinto
accountthefactthatacolisioninthesoftspheremodelisfulyresolvedanditis
shownthatthenewmodelisinverygoodagreementwiththeavailableexperimental
data.
Thischapterhasbeenpublishedas:
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G.Malouppas,andB.G.M.Van Wachem. LargeEddySimulationsofTurbulent
Particle-LadenChannelFlow.InternationalJournalofMultiphaseFlows.Interna-
tionalJournalofMultiphaseFlow,54:65-75,April2013
8.1Introduction
Particle-ladenturbulentﬂowscanbefoundinvariousindustrialandenvironmen-
talprocesses. Examplesofsuchprocessesarepneumatictransportofparticles;
ﬂuidisedbeds;energyconversionoffossilfuels;movementofsootparticlesinthe
atmosphere;theﬂowofparticlesincyclonesandmanymore. Understandingthe
eﬀectsofparticle-ﬂuidinteractionsisofutmostimportancebecausethiswilresult
inamoreaccurateimplementationoftheseprocesses. Additionaly,applications
suchassedimenttransport,wherethedirectionofgravityisperpendiculartothe
ﬂow,particle-particleandparticle-walcolisionsbecomeveryimportant. There-
fore,theneedtounderstandtheeﬀectsoftheseadditionalphysicalphenomenaisof
fundamentalimportance.Thusrobustnumericalsimulationswilthereforehelpthe
optimisationandbetterdesignofindustrialprocessesandprovideamorereliable
predictionofenvironmentalprocessesinvolvingparticles.
TheimportanceinLESisdiscussedinChapter2.Brieﬂy,LESsolvestheNavier-
Stokesequationsuptoaparticularlength-scaleduetotheapplicationofaﬁlter.
Length-scalessmalerthanthecut-oﬀﬁlterwidth(∆)aremodeledwithaso-caled
sub-gridscale(SGS)model.Thecut-oﬀwidthisanindicationofthesmalestsize
eddiesthatareretainedinthecomputationsandeddiessmalerthan∆,areﬁltered
out(Versteegand Malalasekera,2007). DuetotheﬁlteringoftheNavier-Stokes
equations,modelsarerequiredtoprovideclosurefortheSGSstresses,whichac-
countfortheeﬀectoftheunresolvedscalesontheconvectivemomentumtransport.
Inthischapter,thewelknownmodelproposedbySmagorinsky(1963)withvan
DriestdampingnearthewalisusedtomodeltheSGSstresses. Moreover,the
modelproposedbyGermanoetal.(1991)andLily(1992)isalsoadopted. The
resultsofthetwoLESmodelsarecomparedwitheachotherinordertoverifythat
thesolutionsareindependentfromtheSGSmodels.
Therearevariousframeworkstomodelthecolisionsbetweenparticles;viastochas-
ticordeterministicmethods. Stochasticmethods,suchastheoneproposedby
Sommerfeld(2001),generateﬁctitiouscolisionpartnerswithagivensizeandve-
locityandasaresultnoinformationregardingtherealpositionandvelocityofthe
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particlesandthecorrespondingﬂuidenvironmentisrequired.Stochasticcolisions
arethereforeperformedviatheuseofaprobabilitydensityfunctionwhichisbased
onkinetictheory. Thebeneﬁtofthismethodisthespeedofcomputationofthe
colisionsbecausenocolisionpairsaresearchedwithinthedomain.However,the
downsideofthesemethodsisthattheparticleandﬂuidvelocityﬂuctuationsneed
tobeassumed(e.g. Gaussian)andthismaypreventthepredictionofclustering.
Deterministicmethodsontheotherhand,determinecolisionpairsbyusingthe
particlesactualpositionandvelocity.Theactualcolisionscanbeperformedeither
bythesoftsphereorhardspheremodel.Inthisworktheparticleinteractionsare
modeledaccordingtothesoftsphereandthehardspheremodels,whichareboth
deterministicmethods,inordertoinvestigatetheirmaindiﬀerences.
Theeﬀectoftheparticlesontheﬂuidphaseismodeledasaninter-phasemo-
mentumexchangesourceterm,whichisdiscussedinChapter2. Elghobashiand
Truesdel(1992)mentionthatthepoint-particleapproachisvalidiftheparticledi-
ameter(dp)issmalerthantheKolmogorovscale(ηκ).Thisimpliesthatdpmustbe
smalerthanthegridsize(∆x).Althoughaccountingforthevolumefractioneﬀects
onthedragforceisprobablynotoflargeimportanceinthetest-casessimulatedin
thischapter,itmighthaveaneﬀectontheparticle-clustering.Basedontheexperi-
mentaldataconcerningthisstudy,theKolmogorovlengthscaleatthecentreofthe
channelandnearthewalareηκ,centre=9.35×10−5mandηκ,wal=2.911×10−5m.
Therefore,throughoutthechannelinthisstudythisratiodoesnotexceeddp/ηκ<7.
Furthermore,Yamamotoetal.(2001)showthatforlargeparticleStokesnumbers
(St≫1)thedispersionofparticlesisnotaﬀectedbythesubgridscales.Hence,in
thisstudyitisnotexpectedthattheparticlestatisticstobeaﬀectedsigniﬁcantly
bytheunresolvedscales. Moreover,because∆y≥ ηκeverywhereinthedomain,
includinginthenear-walregion,theassumptionthattheparticleismuchsmaler
thanthemeshspacingisalsosatisﬁed.
Thepurposeofthischapterisﬁrsttocomparethehardsphereandsoftsphere
methodologiesandevaluatetheirdiﬀerences. Theresultsofthetwomodelsare
comparedtotheexperimentofKussinandSommerfeld(2002),whoinvestigatethe
particlebehaviourandturbulencemodiﬁcationofahorizontalchannelﬂow.Second,
toinvestigatethediﬀerencesandeﬀectsofsimulationsthatareone-waycoupled,
two-waycoupledandfour-waycoupledontheparticlestatistics. Moreover,theef-
fectofthewalroughnessontheparticlestatisticsisinvestigatedandcomparedto
theavailableexperimentaldata.
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Thischapterisorganisedinfoursections.Section8.2describeshowtheﬂuid-phase
issolvedintheLESframeworkandhowtheﬂuidsub-gridscalesaremodeled.Sec-
tion8.3describesthesimulationset-upandSection8.4comparesanddiscussesthe
numericalresultswiththeavailableexperimentaldataandvariousset-upconditions.
FinalySection8.5summarisesthemainconclusionsofthiswork.
8.2Fluid-phase modeling
8.2.1LargeEddySimulation
Theﬁlteredmomentumequationfortheﬂuidphaseis
∂(αfρfvf,j)
∂t +
∂(αfρfvf,jvf,i)
∂xi =−αf
∂p
∂xj+
∂(αfτij)
∂xi −
∂(αfτaij)
∂xi
+Sf,j+
phases=f
p=1
β(f,p)vf@p,j−vp,j
(8.1)
whereαfistheﬂuidvolumefraction,ρfistheﬂuiddensityandvf,iistheﬁltered
ﬂuidvelocity.ThelasttwotermsontherighthandsideofEquation8.1aresource
terms;Sf,jisanadditionalsourceterm;and
phases=f
p=1
β(f,p)vf@p,j−vp,j istheinter-
phasemomentumexchangebetweenthetwophasesrespectively;thesubscriptf@p
indicatestheundisturbedﬂuidatthelocationoftheparticle.Theﬁlteringprocedure
forLEScanbefoundinSagaut(2005).Theequationsarisingfromﬁlteringarevery
similartotheNavier-Stokesequations,exceptfortheadditionofoneterm,which
describesthebehaviourofthesub-gridscalestresses,namelyτaij
τaij=ρf(vf,ivf,j−vf,ivf,j) (8.2)
Toclosethesub-grid-scalestresses,twoLESmodelsareusedinthiswork:the
Smagorinskymodel(Smagorinsky,1963)andthedynamicGermano-Lily(Germano
etal.,1991)model.
8.2.1.1Smagorinsky modelwithvan-Driestdampingnearthewal
TheSmagorinskymodelassumesthatthelocalSGSstressesareproportionalto
thelocalrateofstrainoftheresolvedﬂow(VersteegandMalalasekera,2007).The
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stressesaregivenas
τaij=−2µSGSSij+13τlδij (8.3)
whereSij=12 ∂vf,i∂xj +∂vf,j∂xi andµSGSisthesub-gridscaleviscosity.Byanalogyto
Prandtl’smixing-lengthhypothesis(Pope,2000),µSGScanbeestimatedas
µSGS=ρf(CSGS∆)2 2SijSij (8.4)
whereCSGSistheSmagorinskyconstantand∆istheLESﬁlterwidth.
Itiswel-knownthattheSmagorisnkymodelisnotsuitableforaccountingforthe
eﬀectofwals.Thisisbecausetheno-slipboundaryconditionatthewalcausesa
strongvelocitygradient(i.e.theReynoldsnumbernearthewaldecreasessincethe
velocitydrops).FromPrandtl’smixing-lengthhypothesisthiswouldcreateunreal-
isticnon-zerosub-gridviscosityvaluesandhenceshearstressesnearthewal(Pope,
2000).Thereforeadampingfunctionisusedto“turn-oﬀ”theµSGSnearthewal;
CSGSismodiﬁedas
CvD=CSGS∆1−e−y+/A+o (8.5)
Notethaty+= uτyνf;wherey+isthedimensionlessdistancetothewal,uτisthe
frictionvelocityandA+oisaconstantnormalytakentobe25.µSGSismodiﬁedas
µSGS=ρfC2vD 2SijSij (8.6)
Themodelhasprovedtobequitesuccessfulinmanytypesofwalboundedtur-
bulentﬂowswithsteadyboundarylayers(Germanoetal.,1991).However,aDNS
resolutionisrequiredinthewalregiontoaccuratelycapturethevelocitygradients.
8.2.1.2 DynamicGermano-Lily model
InsomecomplexturbulentﬂowstheconstantoftheSmagorinskymodellacksthe
requireduniversalitycharacterneededtomodelturbulentﬂows(Germanoetal.,
1991).Inaddition,itdoesnottakeintoaccounttheenergyback-scatter(i.e.the
energyﬂowfromsmalscalestolargescales)whichinsomeﬂowsisimportant(Ger-
manoetal.,1991).Hence,Germanoetal.(1991)proposeanalgorithmwhichmakes
theSmagorinskyconstantafunctionofspaceandtimebyassumingsimilarityofthe
ﬁlteredstructuresandapplyingasecondcoarserﬁlter(ortestﬁlter)toequation8.1.
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Anewﬁlteredshearstresstensorisformed,Tij,givenas
Tij=ρf(vf,ivf,j−vf,ivf,j) (8.7)
Equation8.7is modeledinthesamewayasthesub-gridscalestressesofthe
Smagorinskymodel,i.e.
Tij=−2µSGSSij+13Tlδij (8.8)
TheresolvedturbulentstressesLijaredeﬁnedas
Lij=Tij−τaij
=ρf(vf,ivf,j−vf,ivf,j) (8.9)
Hencebysubtractingequation8.8fromequation8.3,Lijbecomes
Lij=−2µSGSSij+2µSGSSij+13Llδij (8.10)
where
µSGS=ρf(CSGS∆)2 2SijSij (8.11)
byassumingthat(CSGS∆)2=C2SGS∆2,Lijsimpliﬁesto
Lij=−2ρfC2SGSMij+13Llδij (8.12)
where
Mij=∆2 2SijSijSij−∆2 2SijSijSij (8.13)
Solvingequation8.12resultsinsixindependentCSGS,henceLily(1992)proposes
tousealeast-squaresmethodtoobtainonevalue(withsmaldeviationfromthe
othersix).Thus,CSGSateachpointandtimeis
CSGS=12
LijMij
MijMij (8.14)
8.2.1.3 Periodicconditionsanddrivingpressuredrop
Astheﬂowdomainisperiodicinthedirectionoftheﬂowanadditionalsourceterm
isrequiredtodrivetheﬂow.Thissourcetermisequaltotheintegratedwalshear
stress. Thisadditionalsourcetermisaddedintheﬁlteredmomentumequation,
analogouslytothepressuredrop.Furthermore,therearetwowaystoimplement
this:(a)byﬁxingthemassﬂowratem˙,whichwilbecorrectedbyadjustingthe
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forcingterminthemomentumequationateverytime-step;and(b)byspecifying
aconstantpressuregradient(dp/dx),whichcanbeappliedwhentherequiredwal
shearstressisknown.
Theformerhasbeenusedinthecurrentsimulationwhichresultsin
Sf,1= m˙o−m˙nAcross∆tn (8.15)
where˙moisthespeciﬁedmassﬂowrateatagivencross-section;m˙nisthecomputed
massﬂowrateatcurrenttimestep;Acrossisthecross-sectionalarea;and∆tnisthe
currenttime-step.Sf,1hastheunitsofpressuregradient;i.e. kgm2s2.Notethatthis
isonlyimplementedinthex-direction,Sf,2andSf,3arezero,asthereisnonetﬂow
inthesedirections.
8.2.2 Roughwal modeling
Theeﬀectofroughwalshasshowntobeimportantinanumberofgas-particleﬂows
(SommerfeldandKussin,2004)becauseparticlesthatcolidewitharoughwalhave
atendencytobesuspendedintotheﬂow.Inhorizontalchannelﬂowsimulations,
neglectingtheeﬀectofwalroughness,alargenumberofparticlesgrazingthewal
arepredicted.ItwasshownexperimentalybyKussinandSommerfeld(2002)that
thewalroughnessstronglyenhancesthetransversedispersionoftheparticlesand
theirﬂuctuatingvelocitiesthroughoutthechannel.Themeasurementshavealsore-
vealedthatthewalroughnesscausesasigniﬁcantreductionofthemeanhorizontal
velocityoftheparticles.
Themostobviousapproachtomodelaroughwalisadeterministicapproach,
wherethewalroughnessisresolved. However,becauseoftherapidlychanging
normalofthewalorthesmallengthscalerequiredtodescribethewalroughness,
afulydeterministicapproachisverycostly. Therefore,astochasticapproachto
modelwalroughnessisadopted.Thereareanumberofstochasticapproachesde-
scribedintheliterature(forexampleseeTsujietal.,1987;Fukagataetal.,2001),
themostappliedmodelisofSommerfeld(1992)andlatercorrectedbySommerfeld
andHuber(1999)fortheso-caledshadoweﬀect. Byignoringtheshadoweﬀect
unrealisticcolisionsmayresult,especialywhentheimpactangleissmal,because
thecolisionalgorithmmaydetectapossiblecolisionwiththelee-sideofarough
wal(SommerfeldandHuber,1999).Astochasticmodelusualyworkswithavir-
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tualwalconcept,whichchangestheorientationofthewalwitharandomlychosen
angleroughnessγ,seeFigure8.1.

'
n
n
Figure8.1: Anilustrationofthevirtualwalapproach,inwhichthemacroscopic
walislocalyreplacedbyavirtualwal,whichisobtainedbyrotation
underastochasticalysampledangle,γ.Theparticlepre-colisionangle,
γ,andpost-colisionangle,γ′areshownaswel.
Theangleγissampledaccordingtothefolowingalgorithm(SommerfeldandHuber,
1999):
1.Samplearoughnessangle,γ,fromanormaldistribution. Thestandardde-
viationforthisdistributionisgivenbytheactualroughnessofthewalas
experiencedbytheparticle.
2.Ifanegativeroughnessanglewithanabsolutevaluelargerthanthepre-
colisionangle,αissampled,theroughnessangleisrejected,asthisisanon
physicalcolision;theso-caledshadow-eﬀect.
3.Rotatethelocalsolidwal withtherandomroughnessangle,γandsoithas
normalnγ. Thisﬁctitiouswalreplacestheactualsolidwalindetermining
thecolisiondynamics.
TheabovealgorithmhasbeenfurtherreﬁnedbyKonanetal.(2009),byrealising
thattheabovealgorithmonlyaccountsforasinglecolisionwitharoughwal.In
theoriginalalgorithmofSommerfeldandHuber(1999),whenthepostcolision
angleisverysmal,aso-caledgrazingparticleispredicted,e.g.aparticlewhich
remainsclosetothewal.However,inrealityitisverylikelythatsuchaparticlewil
endureasecondwalcolisionverysoonaftertheﬁrstcolision.Thiseﬀectdecreases
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thelikelihoodofrandomroughwalanglesleadingtoverysmalpostcolisionangles.
Sofar,altheemployedroughwal modelsfromtheliteraturehavedealtwithhard
spheretypecolisionmodels,wheretheactualcolisionisassumedinstantaneous.
Theroughwal modelcanthenbeusedasablackbox;usingadirectprobability
densityfunctionusingthepre-colisionangletopredictapost-colisionangle.In
thisworktheroughnessmodelofSommerfeld(1992)withtheshadowwaleﬀectis
usedforthesimulationsweretheparticlesareconsideredashardspheres.However,
thealgorithmneedstobereﬁnedwhentheparticlesareconsideredassoftspheres.
Thisisbecausethecolisionsarefulyresolved,alowingforarealisticcolisiontime
andmultiplecolisionstooccuratthesametime.
Theimportantconsequencefromresolvingthecolisionasitoccurs,istheassump-
tionthatwalshaveaninﬁnitesize.Forinstance,aparticlecolidingwiththevirtual
waldepictedinFigure8.1mightleavethedomainatthebottom.Inreality,this
wouldnotoccurbecauseoftworeasons.Theﬁrstreasonisthatarealroughwal
hasanamplitude,whichisassumedzerointhevirtualwal method. Thesecond
reasonisthatarealroughwalsegmentisofﬁnitelength;usualysmalcompared
totheparticlesize.Toovercomethesetwoshortcomingsinasoftsphereframework,
avariationofexistingvirtualwalprocedureisemployed:
1. Whentheshortestparticle-waldistanceisthewalroughnessamplitude(taken
tobe10%oftheparticlediameter)onevirtualwalisgeneratedatthepoint
oftheparticlewhichisclosesttothewal.Thevirtualwalisgeneratedwith
theoriginalalgorithm(Konanetal.,2009;SommerfeldandHuber,1999)as
outlinedabove.
2.Iftheshortestparticle-waldistancebecomeshalfofthedistanceatwhich
thevirtualwal wasinserted,i.e.theparticlehasmovedclosertothewal,a
secondvirtualwalisintroduced,withanewlyrandomlysampledangle.This
isshowninFigure8.2.
3.Theadditionofnewvirtualwalsisrepeateduntiltheparticleismovingaway
fromthewal.
Therequiredstandarddeviationforthenormaldistributionistakenfromtheex-
perimentaldataprovidedbyKussinandSommerfeld(2002).Intheanalysedﬂow,
uptothreevirtualwalsarerequiredtodealwiththeroughwalcolision,although
almostalcolisionsaredealtwithbyapplicationoftheﬁrstroughwal.
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Figure8.2: Anilustrationofthenewlyproposedmultiplevirtualwalapproach.A
ﬁrstvirtualwalisintroducedwhentheparticlereachestheamplitudeof
thewalroughnessaddedtotheactualsmoothwal.Additionalvirtual
walsareaddedrandomlyeverytimetheparticle moveshalfofthis
amplitudeclosertothewal.Onesuchadditionalvirtualwalisdepicted.
8.3Simulationset-up
8.3.1Set-up
Thelarge-scalesimulationsareperformedintheEulerian-Lagrangianframework
andthepredictionsarecomparedtotheexperimentalworkofKussinandSommer-
feld(2002).Intheirwork,ahorizontalchannelwithaheightof35mm,awidthof
175mmandalengthof6m,correspondingtoapproximately170channelheights,is
used.Aﬂowofanair-particlemixturewithvariousparticlesizesandmassloadings
isintroducedinthehorizontaldirection.
Thischapterfocusesontheresultsobtainedforthesinglephaseﬂowandthetwo-
phaseﬂowwithmassloadingφ=1.0,whichisbasedontheexperimentalcon-
ditions. Atthismassloadingbothturbulence-particleaswelasparticle-particle
interactionsareexpectedtobeimportant.TheexperimentalReynoldsnumbercon-
sideredbasedonthechannelheightis42,585,arisingfromtheaverageairvelocity
ofUav=19.7m/s,airdensityofρf=1.15kg/m3andaviscosityofµf=18.62Pas.
ThefrictionReynoldsnumberbasedonthehalfchannelheightisReτ=600.The
particlesconsideredareglassbeads,ρp=2500kg/m3,withanaveragediameter
of195µmandanarrowparticlesizedistributionasdescribedinKussinandSom-
merfeld(2002).Inthesimulations,particlesaretrackedfor47TL,whereTListhe
integraltimescaleofturbulenceatthecenterofthechannel. TheStokesnum-
beroftheparticlesdependsonthechangingﬂuidtimescale.InTable8.1,various
deﬁnitionsfortheStokesnumberareprovided,whicharebasedonthecenterline
Kolmogorovtimescale,andtheintegraltimescale.Inaddition,thesubgridStokes
numberisalsoprovided.Finaly,theStokesnumberbasedontheﬂowtimescalein
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walunitsisprovided. Moreover,theStokesnumbersalsodependontheYdirec-
tionofthechannel. Therefore,thevaluesinTable8.1shouldbeusedasarough
indication.ItisimportanttonotethatalStokesnumbersarewelaboveunity.
Table8.1: Particlepropertiesusedinthesimulations.Stokesnumbersarebased
onthecenterlinetimescalesofthechannel.
Term Quantity
Particledensity,ρp 2500kgm−3
Particlediameter,dp 195µm
Stokesnumberbasedonintegraltimescale,StL(=τp/TL) 51.7
StokesnumberbasedonKolmogorovtimescale,Stτκ(=τp/τκ) 350.0Stokesnumberbasedonsubgridtimescale,Stsgs(=τp∆y/vf,rms) 79.2
Stokesnumberbasedontheﬂowtimescaleinwalunits,St+(=
τpu2τ/νf)
8120
Figure8.3:Thegeometryofthechannelasusedinthesimulations.Themeanﬂow
isintheXdirectionandthegravityisintheYdirection.BoththeX
andZdirectionsareperiodicfortheﬂowandtheparticles. Thesolid
walsofthechannelareindicatedingrey.
ThedomainusedforthesimulationsissketchedinFigure8.3.Thesimulationsare
carriedoutinathree-dimensionaldomainof0.175m×0.035m×0.035m,wherethe
XdirectioncorrespondstothedirectionoftheﬂowandthenegativeYdirectionis
thedirectionofgravity.TheXandZdirectionsaretakentobeperiodic.Similarly
shownbyKonanetal.(2011),Figure8.4ilustratestheone-dimensionalspatial
velocityautocorrelationfunctionsinthespanwiseandstreamwisedirectionsforal
threevelocitycomponentsatthecenterlineandverynearthewalofthechannel.
Figure8.4showsthatthelengthsofthedomaininthesedirectionsdonotaﬀect
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theresultsbecausethevelocityautocorrelationfunctionsquicklydroptozerolong
separations.Onedimensionalspanwiseandstreamwisevelocityspectramultiplied
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Figure8.4: One-dimensionalspatialtwo-pointspanwise(a)andstreamwise(b)ve-
locityautocorrelationfunctionsatthecenterofthechannelandvery
nearthewalinX,YandZdirections.
byκ/u2τforthethreevelocitycomponentsareshowninFigure8.5forsinglephase
turbulence. AsmentionedbydelAlamoetal.(2004),Figure8.5showsthatboth
streamwiseandspanwisespectrapeakatκ≈100whichiswelbeforethecut-oﬀ
wavelength.ThismeansthattheLESsimulationsinthisstudyresolvemostofthe
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energeticlengthscales.
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Figure8.5: One-dimensionalspanwise(a)andstreamwise(b)spectraatthecenter
ofthechannelmultipliedbyκ/u2τ.
8.3.2Initialandboundaryconditions
Theﬂowisinitialisedbysettingameanvelocitycorrespondingtothemassﬂow
rateoftheexperimentaldataprovidedbyKussinandSommerfeld(2002).Ontop
ofthemean,synthesisedturbulenceisaddedasrandomlysampledfromavonKar-
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manspectrum,usingtheFouriermodesofafulydevelopedturbulentspectrum.
Theinitialconditiondoesnotimposeaﬂowproﬁle;theﬂowproﬁleisformedasa
resultofsolvingtheNavier-Stokesequationsandenforcingtheno-slipconditionfor
velocityatthewal.Theboundaryconditionsatthewalaresetasno-slip.
Forthesimulationsinvolvingparticles,theparticlesareintroduceduniformlyin
thedomainandasinitialestimationasmalrandomslipvelocityofabout10%
lowercomparedtothelocalﬂuidvelocityisdeﬁned.Thenumberofparticlesinthe
domain,whichisdeterminedfromthemassloadingofφ=1.0,givenintheexperi-
mentalset-up,is24,500,leadingtoaparticlevolumefractionofαp=4.7977×10−4.
TheexperimentaldataprovidedbyKussinandSommerfeld(2002)haveaslightly
diﬀerentmassﬂowratesforthesinglephaseandparticleladencases.Theforcing
term(seeequation8.15)keepsaconstantmassﬂowrateofm˙=0.028175kg/sfor
thesinglephaseand˙m=0.027044kg/sfortheparticleladencases,computedfrom
thedataprovidedbyKussinandSommerfeld(2002).Theresultingpressuredrop
equalstheintegratedwalshearstressinthechannel.Inaddition,thepressureis
ﬁxedtoareferencevalueononearbitrarycelfaceinsidethedomain.
8.3.3 Computational mesh
Twocomputationalmeshesareusedtocarryoutthesingle-phasesimulationsin
ordertoshowthatthesolutionisgridindependent. Thecoarsegeometryisthen
usedtocarryoutthegas-particlesimulations. Thecoarsemeshcontainsatotal
of870,000computationalcelsandtheﬁnermeshcontainsatotalof1,299,000
computationalcels.Thereﬁnementisachievedbyreﬁningthenodalspacingequaly
inaldirections.Bothmeshesresolvethewalboundarylayer,andcontain5and12
meshpointswithinthey+=10layer,respectively.NearthewalaDNSresolution
isobtainedbyusing
y=ymax 12
1+tanh(R yymax −12)
tanh(12R)
(8.16)
whereRisaconstantsetto7.0anddeﬁnestheamountofreﬁnementnearthewal.
ymax =35.0mm,isthechannelheight.Inaddition,tosatisfyenoughresolutionin
theXandZdirectionsineveryx+=50andz+ =30,1meshpointisuniformly
added.
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8.4 Resultsanddiscussion
8.4.1Singlephasesimulations
First,single-phasesimulationsarecarriedouttoverifythesimulationframework.
ThesimulationparametersaretakenfromtheexperimentalsettingsofKussinand
Sommerfeld(2002).Simulationsarecarriedoutonacoarsemeshandaﬁnemesh,
asoutlinedabove.Inaddition,twoLESmodelsarecomparedinordertoinvestigate
theireﬀectonthemeanandRMSquantitiesoftheﬂow.
8.4.1.1 Meshreﬁnementcomparison
Figure8.6showstherelativeaveragehorizontalﬂuidvelocityasafunctionofdi-
mensionlesschannelheight.Theﬁgureshowsthatthereisverylittleeﬀectofthe
meshreﬁnementandthesimulationresultsareinverygoodagreementwiththe
experimentalresults. Themeancentre-linevelocityisslightlyover-predictedby
about1.4%. Moreover,intheexperimentaldataameanverticalvelocityisquoted
(oftheorderof2.5%comparedtomeanexperimentalvelocity).Thisindicatesthat
theﬂowproducedintheexperimentsisnotcompletelyfulydevelopedas,theoreti-
caly,theaverageverticalvelocityshouldbezero.Figure8.7showstherelativeroot
meansquareofthehorizontalvelocityﬂuctuationsasafunctionofdimensionless
channelheight.Theﬁgureshowsthatthereisverylittleeﬀectofthemeshreﬁne-
ment.Theﬂuctuationsatthecentreofthechannel,y/H=0.5,aspredictedbythe
simulationsareabout20%lowerthantheﬂuctuationsmeasuredbytheexperiment.
However,thispercentagedropstoabout4%intheranges0.1<y/H<0.5and
0.5<y/H<0.9.Figure8.8comparestheshearstressfromthesimulationsandthe
experimentaldata.Theresultsareinverygoodagreementwiththeavailabledata
whichindicatesthatthevelocitygradient∂u/∂yisaccuratelyresolved.Generaly,
theresultsareingoodagreementwiththeexperimentaldataanditisapparentthat
furthermeshreﬁnementhasnoeﬀectonthesolution.Forthesimulationswiththe
particles,thecoarsestmeshisused.
8.4.1.2LES modelcomparison
Figure8.9comparestherelativeaveragehorizontalﬂuidvelocityfromthetwoLES
models;theSmagorinskyandtheDynamicGermano,withtheexperimentaldata.
TheﬁgureshowsthattheLESmodelshavelittleeﬀectonthemeanproﬁlewith
theSmagorinskymodelbeingmarginalybetterthantheDynamicGermanomodel.
Atthecentreofthechannel,however,thevelocityisslightlyover-predictedbythe
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Figure8.6:Thehorizontalmeanﬂuidvelocityforthesinglephaseﬂuidasafunction
ofdimensionlesschannelheightfortheﬁnemeshandthecoarsemesh
comparedtotheexperimentsofKussinandSommerfeld(2002).
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Figure8.7:ThehorizontalRMSﬂuidvelocityforthesinglephaseﬂuidasafunction
ofdimensionlesschannelheightfortheﬁnemeshandthecoarsemesh
comparedtotheexperimentsofKussinandSommerfeld(2002).
DynamicGermanomodel. Ontheotherhand,ascanbeseenfromFigure8.10
therootmeansquareﬂuidvelocityﬂuctuationspredictedbytheDynamicGermano
modelareslightlybettercomparedtotheSmagorinskymodel.Thisisbecausethe
LESconstantoftheGermanomodeliscomputeddynamicalywhichinturngivesa
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Figure8.8:Theshearstressforthesinglephaseﬂuidasafunctionofdimensionless
channelheightfortheﬁnemeshandthecoarsemeshcomparedtothe
experimentsKussinandSommerfeld(2002).
betterestimationoftheﬁlteredscales.Ontheotherhand,theSmagorinskymodel
withvan-Driestdampeningimplicitelyenforcesaloglawinthenear-walregion,
throughtheapplicationofequation8.5. Thecorrectpredictionofthevelocity
gradient,∂u/∂y,nearthewalresultsinabetterpredictionofthemeanvelocity
proﬁle.
8.4.2 Particleladensimulations
Particleladensimulationsarecarriedoutandcomparedtotheexperimentalwork
ofKussinandSommerfeld(2002).Theeﬀectsofwalroughness,one-way,two-way
andfour-waycouplingareinvestigatedandcompared.
8.4.3 ChoiceofLES modelforfulycoupledparticleladen
simulations
Thepurposeofthissectionistoinvestigatetheeﬀectofthesubgridscalemodels
whenusedinconjunctionwiththefulycoupledsimulations.Fulycoupledsimu-
lationswiththeSmagorinskymodelwithvanDriestdampeningandtheDynamic
Germanomodelareperformedandcomparedtotheparticle-ladenexperimental
data.Yamamotoetal.(2001),whoperformLESsimulationsofaverticalparticle-
ladenchannelﬂow,questionthesuitabilityoftheDynamicGermanomodel. The
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Figure8.9:Thehorizontalmeanﬂuidvelocityforthesinglephaseﬂuidasafunction
ofdimensionlesschannelheightfortheDynamicGermanoandSmagorin-
skyLESmodelscomparedtotheexperiments.
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Figure8.10:ThehorizontalRMSﬂuidvelocityforthesinglephaseﬂuidasafunc-
tionofdimensionlesschannelheightfortheDynamicGermanoand
SmagorinskyLESmodelscomparedtotheexperiments.
DynamicGermanomodel,whichutilisesplaneaveraginginordertobenumericaly
stable,canbeaﬀectederroneouslybytheanisotropycausedbytheparticlesdueto
thehighlocalparticleconcentrations.Yamamotoetal.(2001)mentionthatdueto
theplaneaveragingutilisedbytheDynamicGermanomodelthelocalanisotropies
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oftheﬂowaretakenintoaccountandthisviolatestheassumptionsofthemodel.
Figure8.11comparesthemeanhorizontalvelocitypredictedbythetwosubgrid
scalemodels.Figure8.11showsthattheSmagorinskymodelwithvanDriestdamp-
eningisclosertotheexperimentalparticle-ladenmeanhorizontalvelocity. Addi-
tionaly,theDynamicGermanomodelmodulatesturbulencebyahigherpercentage
comparedtotheSmagorinskymodelwithvanDriestdampening,seeFigure8.12.
NotethatKuerten(2006)investigatestheeﬀectsofsubgridscalemodelsonthe
particlestatisticsandreportsthatthemeanparticlewal-normal(i.e.horizontal)
velocityisleastaccuratecomparedtotheDNSresults.Basedontheseresults,the
Smagorinskymodelischosenfortheremainingsectionsofthischapter.
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Figure8.11: Thehorizontal meanﬂuidvelocityforthesinglephaseﬂuidand
particle-ladenﬂuidasafunctionofdimensionlesschannelheightfor
theDynamicGermanoandSmagorinskyLESmodelscomparedtothe
experiments.
8.4.3.1Eﬀectofwalroughness
Figure8.13comparesthehorizontalmeanﬂuidvelocitywiththeexperimentaldata
bothforsmoothandroughwals. Similarlytothesinglephasesimulationsthe
resultsfortheroughwalsareslightlyover-predictedatthecentreofthechannel
comparedtotheexperimentaldata.Onepossibilityforthissmaldiscrepancyisthat
theexperimentaldatahaveasmal meanvelocityintheverticaldirection,which
impliesthattheﬂowintheexperimentisnotfulydeveloped. Themeanvertical
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Figure8.12:Thehorizontalﬂuidvelocityﬂuctuationsforthesinglephaseﬂuidand
particle-ladenﬂuidasafunctionofdimensionlesschannelheightfor
theDynamicGermanoandSmagorinskyLESmodelscomparedtothe
experiments.
velocityissmal,ontheorderof1.6%comparedtothemeanhorizontalvelocity.
Anotherpossibilityisthattheeﬀectofthesub-gridscalesisignoredandthismay
haveasmaleﬀectontheﬂowaswel.Itisinterestingtonotethatwhenthewals
aretreatedasroughthemeanﬂuidvelocityissimilartotheparticle-freeexperi-
mentalresults.Figure8.14showsthedimensionlessmeanhorizontalvelocitiesasa
functionofdimensionlessheight.Thismeansthattheaveragemeanﬂuidvelocity
shapeisnotinﬂuencedbythepresenceoftheparticles,althoughthesimulations
predictasmaleﬀectoftheparticlesontheﬂow.Additionaly,thesimulatedﬂow
proﬁlefortheparticleladencaseswithoutwalroughnessshowsaslightasymmetry.
Thisisbecausemoreparticlesarefoundinthebottomhalfofthechannel,lowering
theﬂuidvelocityinthisregionduetotheeﬀectoftwo-waycoupling.Althoughthere
isnoexperimentaldataforthisprecisecase,asimilarobservationwasmadebyLain
etal.(2002),whoexperimentalyandnumericalyinvestigatethefour-waycoupling
ofaparticle-ladenhorizontalchannelﬂowforsimilarexperimentalconditions.
Theexperimentalparticle-freeandparticle-ladenRMSvelocitieshavesmaldiﬀer-
encesbetweenthem,asshowninFigure8.15,whichcomparestheﬂuidhorizontal
velocityﬂuctuations.Ontheotherhand,thesimulationresultsshowlargerdiﬀer-
encesinRMSvelocities.Thesimulationspredictalargeattenuationoftheturbu-
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lenceinthechannelﬂowduetotheadditionofparticles.Therefore,thepredicted
particle-ladenvelocityﬂuctuationsarelowercomparedtothecorrespondingexper-
imentalresults.Thisshowsthatthetwo-waycouplingover-dampensturbulenceby
25%atthecentreofthechannel.ThisisoppositetotheﬁndingsofEaton(2009),
whoreportsthatthetwo-waycoupledsimulationsdonotattenuateturbulencesuﬃ-
ciently.Infact,Eaton(2009)mentionsthatbyten-foldingthemassloading(i.e.by
addingmoreparticles)thecorrectturbulenceattenuationisachieved.Eaton(2009)
hasnotprovidedaphysicalexplanationforthis.Yamamotoetal.(2001),whoper-
formLESsimulationsonaverticalchannel,mentionthatforlargeStokesnumbers
theircomputationsforturbulenceattenuationdonotagreewiththeexperimental
results.ForsmalStokesnumbers,however,Yamamotoetal.(2001)mentionthat
thepredictedturbulenceattenuationisingoodagreementwiththeexperimental
results.
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Figure8.13:Thehorizontalmeanﬂuidvelocityfortheparticle-ladenﬂuidasafunc-
tionofdimensionlesschannelheightforthehardspheremodelwith
roughwalsandsmoothwalscomparedtotheexperiments.
TheshapeofthepredictedhorizontalRMSvelocityoftheparticle-ladencasecom-
paredtothesinglephasecaseisalsosomewhatdiﬀerent.Theshapeofthesingle-
phasehorizontalRMSvelocity,aspredictedbythesimulations,aresymmetric.On
theotherhand,thecorrespondingparticle-ladencaseshowsaslightasymmetryin
theRMSﬂuidvelocity.Thisisbecausewithoutthewalroughnessmoreparticles
tendtoremainnearthebottomofthechannel,andmostgrazeinalayernearthe
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Figure8.14:Thedimensionlesshorizontalmeanﬂuidvelocityfortheparticle-laden
ﬂuidasafunctionofdimensionlesschannelheightforthehardsphere
modelwithroughwalsandsmoothwalscomparedtotheexperiments.
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Figure8.15:Thehorizontalrmsﬂuidvelocityfortheparticle-ladenﬂuidasafunc-
tionofdimensionlesschannelheightforthehardspheremodelwith
roughwalsandsmoothwalscomparedtotheexperiments.
bottom.ThisinﬂuencestheﬂuidRMSvelocityproﬁleduetothetwo-waycoupling,
whichmakesitasymmetricasopposedtothesymmetricproﬁleaspredictedfor
theroughwalcase.Inthesmoothwalcase,thereboundangleoftheparticlesis
smalercomparedtotheroughwalcase.Thuslessparticlesarefoundatthecentre
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Figure8.16:Theshearstressfortheparticle-ladenﬂuidasafunctionofdimension-
lesschannelheightforthehardspheremodelwithroughwalsand
smoothwalscomparedtotheexperiments.
ofthechannelwhichwouldthenbedispersedbytheturbulencetootherpartsof
thechannel,e.g.thetopwal. Thesmoothwalsfailtodothisandduetothe
actionofgravity,theparticlestendtoremainnearthebottomwal.Turbulenceis
moresuppressedatthebottomhalfofthechannelduetothehighparticlevolume
fractionandtwo-waycoupling,thuscreatingaasymmetricRMSvelocityproﬁle.
AsalsomentionedbyLainetal.(2002),thiseﬀectismorepronouncedwithin-
creasingmassloading.Additionaly,thisbehaviourhasimportantconsequenceson
theshearstresses,whichareplottedinFigure8.16.Theshearstressesonthewal
forthesmoothwalcaseareasymmetric,opposedtotheroughwalcaseandthe
singlephasecase,e.g.aty/H=0.05,uf,rmsvf,rms=−0.45butaty/H=0.95,
uf,rmsvf,rms=0.65
ThisisalsoilustratedinFigure8.17,whichcomparestheparticleconcentration
obtainedbythesimulationwiththeroughandsmoothwalswiththeexperimental
data.Forboththesoftandhardspheremodelssimulatingsmoothwals,thecon-
centrationoftheparticlesismuchhigheratthebottomwal. However,whenthe
walsaretreatedasrough,theparticleconcentrationisalmosthomogeneousandis
inverygoodagreementwiththeexperimentaldata.Thewalroughness,therefore,
isimportantasithelpstoredistributetheparticlesintothemainﬂow.
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Figure8.17:Theparticleconcentrationasafunctionofdimensionlesschannelheight
forthehardsphereandsoftspheremodelswithroughwalsandsmooth
walscomparedtotheexperiments.
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Figure8.18:Theparticleconcentrationasafunctionofdimensionlesschannelheight
forthehardspheremodelwithandwithoutinter-particlecolisions
(withroughwals)comparedtotheexperiments.
Theredistributionofparticlesisalsodrivenbyparticle-particlecolisions,even
inthisdilutecase;wheretheparticlevolumefractionisαp=4.7977×10−4. To
ilustratethis,Figure8.18comparestheparticleconcentrationforroughwalswith
andwithoutinter-particlecolisions. Wheninter-particlecolisionsarenottaken
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intoaccount,theparticleconcentrationatthebottomwalis16.6%higher,de-
spiteaccountingforwalroughness.Inaddition,theparticleconcentrationgradient
withoutparticle-particlecolisionsatthecentreofthechannelissteeperbyabout
37%.Thisilustratestheimportanceofparticle-particlecolisionsevenatverylow
particlevolumefractions.
Figure8.19showstheinstantaneousdistributionofparticlesforsimulationswith:
(a)
(b)
(c)
(d)
Figure8.19:Instantaneousdistributionofparticlesforsimulationswhenthestatis-
ticshavereachedsteadystate,(a)withparticle-particlecolisionsand
walroughness,(b)withnoparticle-particlecolisionsandwalrough-
ness(c)withparticle-particlecolisionsandsmoothwals,and(d)with
noparticle-particlecolisionsandsmoothwals.
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(a)withparticle-particlecolisionsandwalroughness,(b)withnoparticle-particle
colisionsandwalroughness(c)withparticle-particlecolisionsandsmoothwals,
and(d)withnoparticle-particlecolisionsandsmoothwals.Figure8.19(a)toFig-
ure8.19(c)ilustratethattheparticlesremainsuspendedinthechannel,however
withadiﬀerentconcentrationproﬁle. Ontheotherhand,whenparticle-particle
colisionsareignoredandthewalsaretreatedassmooth,particleswithtimeslowly
migratetothebottomwalandremainthere.Infacttheﬂownowresemblessed-
imenttransportbecausetheparticlesarenowslidingacrossthebottomwal.The
importanceoftheinter-particlecolisionsinredistributingtheparticlesinthechan-
nelbecomesapparent. Vremanetal.(2009)numericalyinvestigatetheeﬀectof
particle-particlecolisionsforaverticalchannel,butatamuchlowerRenumber
andmuchhighermassloading.Theyreportthatthecolisionsaﬀectthestatistics
ofboththeﬂuidandtheparticles. Theyconcludethatitisimportanttoinclude
theparticle-particlecolisionsinordertocorrectlypredictthemodiﬁcationofthe
ﬂuidandparticlestatistics.Yamamotoetal.(2001)investigatetheparticle-particle
colisionsatlowermassloadingsandreachsimilarconclusions.
Ontheotherhand,particlesremaindistributedacrossthechannelwheninter-
particlescolisionsaretakenintoaccountevenforthesmoothwals(seeFigure8.17),
whereasthisisnottruewheninter-particlecolisionsareignored.Therefore,inter-
particlecolisionsactasanextradistributivemechanism,evenfordiluteﬂows.This
isanimportantﬁndingbecausemanysimulationsintheliteratureignoreinter-
particlecolisionsbecauseofthelowmassloading. LainandSommerfeld(2010)
investigatethetransportofparticlesinacylindricalelbowofmassloadingratio
0.7andilustratethatbyignoringtheparticle-particlecolisions,particlesdonot
preferentialyconcentrateattheexitoftheelbow. Thereforetheropingeﬀectis
notobserved,however,whenLainandSommerfeld(2010)performfulycoupled
simulationsindeedobservethiseﬀect.Thisindicatesthatparticle-particlecolisions
areespecialyimportantinal wal-boundedﬂows.
8.4.3.2Eﬀectofhardsphereandsoftsphere modelsontheparticle
statistics
Asalreadydiscussed,indiluteﬂowsthechoicebetweenthehardsphereandsoft
spheremodelslargelydependsonthecomputationaltimespenttosolvetheparticle
equationofmotion.Forverydiluteﬂows,thehardspheremodelisthemostnatural
choice.However,whenthecolisionscannolongerbeassumedasbinaryandinstan-
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taneous,thesoftspheremodelistheonlyrealisticoption.Itisinterestingtoknow
whetherthechoiceofthecolisionmodelaﬀectsthestatistics.Figure8.20compares
themeanvelocityobtainedfrombothmodelswiththeexperimentaldata.Thesame
comparisonisperformedforthesmoothwals.Thediﬀerencesbetweenthehardand
softspheremodelsforthesmoothwalsarealmostnegligible.However,thediﬀer-
encesbetweenthehardandsoftspheremodelsfortheroughwalsareminor.This
isbecausetheroughwaltreatmentinthesoftsphereimplementationaddsextra
virtualwalsduringthecolisionofaparticlewithawal,whichisamorerealistic
representationofaroughwalcomparedtothehardsphereroughwaltreatment
whereonerandomwalisconsidered.Thisisbecause,asoftspherecolisionisnot
instantaneousandoccursoveraﬁniteamountoftime.Similarly,thesameeﬀectsare
observedontheﬂuidstatistics.However,Figure8.21,whichcomparestheparticle
velocityﬂuctuations,showsthatthediﬀerencesaresomewhatlarger.Additionaly,
thediﬀerencesinbothparticlemeanandRMSvelocityproﬁlesisbecausethehard
spherecolisionsareunfortunatelyheavilydependentonthetangentialcoeﬃcient
ofrestitution(ψ);theeﬀectsbyvaryingthisquantityareshowninFigure8.22and
8.23. Thistangentialcoeﬃcientofrestitutionisempiricalanddiﬃculttoevaluate
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Figure8.20:Thehorizontalmeanparticlevelocityasafunctionofdimensionless
channelheightforthehardsphereandsoftspheremodelswithrough
walsandsmoothwalscomparedtotheexperiments.
experimentaly.Therefore,asensitivityanalysisisessentialtodetermineanappro-
priatevalueofψinordertoobtaingoodagreementwiththeexperimentaldata.
Konanetal.(2011),whoperformaninvestigationbasedonDES;useparticleswith
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Figure8.21:ThehorizontalRMSparticlevelocityasafunctionofdimensionless
channelheightforthehardsphereandsoftspheremodelswithrough
walsandsmoothwalscomparedtotheexperiments.
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Figure8.22:Thehorizontalmeanparticlevelocityasafunctionofdimensionless
channelheightforthehardspheremodelwithroughwalsandsmooth
walswithdiﬀerenttangentialcoeﬃcientsofrestitutioncomparedto
theexperiments.
adiameterof100µmwithsimilarﬂowsettings,reportthatsimilarresultscanbe
obtainedbyincreasingtheexperimentalroughnessangle(γ)from5.3to6.5.Thisis
anotherwayofchangingtheeﬀectofψbecauseitaﬀectstheparticlereboundangle
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Figure8.23:ThehorizontalRMSparticlevelocityasafunctionofdimensionless
channelheightforthehardspheremodelwithroughwalsandsmooth
walswithdiﬀerenttangentialcoeﬃcientsofrestitutioncomparedto
theexperiments.
directly.Konanetal.(2011),however,neglecttheeﬀectoftherotationofparticles
andusethecolisionmodelproposedbySommerfeldandHuber(1999).Thismodel
doesnotsplitthecoeﬃcientofrestitutionintonormalandtangentialcoeﬃcients
buthasasinglecoeﬃcientofrestitutionwhichdependsonlyontheimpactangleof
theparticlesanditisthisrelationshipthatisdeterminedempiricaly. Moreover,the
coeﬃcientoffrictionistreatedthesameway,i.e.itisafunctionofimpactangle.
Inthisworktheroughnessangleusedisγ=5.02oestimatedfromtheexperimental
measurementsandreportedbySommerfeldandHuber(1999)andLainetal.(2002).
Thesoftsphereparametersrelyonthepropertiesofthesolidsandnoempiricismis
required. Mostimportantly,thecoeﬃcientofrestitutionisrelatedtotheparameter
α(seeTsujietal.,1992)andautomaticalydependsonimpactvelocityandangle.
Tsujietal.(1992)heuristicalyﬁndarelationforthecoeﬃcientofrestitutionwhich
isindependentoftheconstantsusedinthesoftspheremodel,whichisnotrequired
tobeempiricalyspeciﬁed.
8.4.3.3Eﬀectofone-waycoupling
Toinvestigatetheeﬀectofone-waycouplingontheﬂuidandparticlestatisticsthe
particlesourcesintheﬂuidmomentumequationare“turnedoﬀ”;i.e.bymaking
thelasttermonEquation8.1equaltozeroandsettingtheﬂuidvolumefractionas
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αf=1.0. One-waycoupledsimulationsareperformedunderthesameconditions
forbothroughandsmoothwals.Theparticlemeanvelocityproﬁle,presentedin
Figure8.24,isnotaﬀected.Thediﬀerencesarestatisticalyinsigniﬁcantbecausethe
diﬀerence,forexample,ofthemeancentre-lineparticlevelocityislessthan0.8%.
Thisisbecausetheparticlevolumefractionisverylow,sothetwo-waycoupling
forcedoesnotaﬀecttheaverageparticlevelocity.Therefore,theabsenceofthetwo-
waycouplingdoesnotsigniﬁcantlyaﬀecttheaverageparticlestatistics.Theparticle
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Figure8.24:Thehorizontalmeanparticlevelocityasafunctionofdimensionless
channelheightforthefour-wayandone-waycoupledsimulationswith
roughwalsandsmoothwalstotheexperiments.
concentrationproﬁles,notpresented,arealmostidenticalcomparedtothefour-way
coupledsimulation. Ontheotherhand,theparticlevelocityﬂuctuationsexhibit
diﬀerenttrends. Figure8.25comparestheparticleRMSvelocityﬂuctuationsin
one-waycoupledsimulationsandfulycoupledsimulations,forbothtypesofwals.
Theone-waycoupledRMSvelocityvaluesarehighercomparedtotherespective
fuly-coupledsimulations.Inparticular,theﬂuctuationspredictedbytheone-way
coupledsimulationsandbyconsideringthewalsasroughare10%higher.
8.5Summaryandconclusions
ThisworkcomparesdiﬀerentmodelsandtheirimplicationsintheframeworkofLES
andcomparestheﬁndingstotheexperimentalresultsforturbulentparticle-laden
channelﬂowofKussinandSommerfeld(2002).TheReynoldsnumberofthesimula-
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Figure8.25:ThehorizontalRMSparticlevelocityasafunctionofdimensionless
channelheightforthefour-wayandone-waycoupledsimulationswith
roughwalsandsmoothwalstotheexperiments.
tionsisapproximately42,000basedonthefulchannelheightandthemassloading
ofthesimulationsis1.0,assetbytheexperiment,correspondingtoabout24,500
particles. Meshreﬁnementstudiesshowthatthefulyconvergedsolutionsarein
verygoodagreementwiththesingle-phaseexperiments.Also,theresultsobtained
fromemployingthestandardSmagorinskyLESmodelareverysimilartothedy-
namicGermano-Lilymodel.Forthemultiphasecases,theresultsoffuly-coupled
simulationsarecomparedtoone-waycoupledandtwo-waycoupledsimulationsand
theirdiﬀerencesarephysicalyinterpreted.Inaddition,thesoftsphereandhard
sphereparticlecolisionalgorithmsarecompared.Theeﬀectofthewalroughness
ontheparticlestatisticsisalsoinvestigatedandanewroughnessmodelisproposed
inordertobeusedwiththesoftspheremethodology.
Thepredictedparticle-ladenresultsforaverageﬂuidandparticlevelocityarein
verygoodagreementwiththeexperimentalﬁndings.Thepredictedparticle-laden
ﬂuidﬂuctuationsareslightlylowercomparedtotheparticle-ladenﬂuidﬂuctuations
oftheexperimentaldata. Althoughthegas-solidﬂowisrelativelydilute,thereis
amajordiﬀerencebetweentheresultsobtainedbytheone-waycoupledandthe
two-waycoupledmodels,havingaparticularlylargeeﬀectontheparticlevelocity
ﬂuctuations.Theparticlevelocityﬂuctuationsshowanalmost10%diﬀerencebe-
tweentheone-wayandtwo-waycoupledapproach.
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Theresultsobtainedwiththesoftsphere(discreteelementmodel)andhardsphere
(event-driven)modelsarealsocompared.Thesimulationresultsshowthatthetwo
modelsyieldalmostidenticalﬂuidvelocitystatistics.TheparticlemeanandRMS
velocityproﬁlesaresomewhatdiﬀerent,whichisattributedtothedependenceof
thehardspheremodelonempiricalproperties.Inparticular,aparametersensitiv-
ityanalysisonthetangentialcoeﬃcientofrestitutionforthehardspheremodelis
performedinordertoobtaingoodagreementwiththeavailableexperimentaldata.
Ontheotherhand,thesoftspheremodel,whichisindependentofempiricalpa-
rameters,doesnotrequireasensitivityanalysis.Additionaly,theparticlestatistics
maybediﬀerentduetothetreatmentoftheroughwalsinthetwomodels.Inthe
softspheremethodology,anewmodelisproposedtoaccountforthewalrough-
ness,asthecolisionofaparticleoccursoveraﬁniteamountoftime.Theresults
showthatthenewlyproposedmodelfortreatingtheroughwalsinthesoftsphere
methodologyareinverygoodagreementwiththeexperimentaldata.
Thewalroughnessinthecaseresearchedhasaverybigeﬀectonthegas-particle
ﬂow.Incaseswherewalroughnessisaccountedfor,theaveragereboundangleof
theparticlescolidingwiththebottomwalisslightlylargerthaninthecaseconsid-
eringfulysmoothwals.Thisslightlylargerangleenablestheparticlestore-entrain
thebulkoftheﬂow,insteadofremainingnearthebottom;aso-caledgrazingpar-
ticle.Simulationswithoutconsideringtheroughwalsshowamuchsteeperparticle
concentrationproﬁlecomparedtoparticlesinthechannelincludingtheeﬀectof
roughwals. Duetotwo-waycoupling,theﬂuidvelocityﬂuctuationsandshear
stressesarestronglyaﬀectedbecauseofthelargenumberofparticlesinthelower
partofthechannel.Inparticular,theﬂuidRMSvelocityproﬁlesareasymmetricfor
thesimulationswithoutconsideringwalroughness,asopposedtothesimulations
withroughwals.Thelattershowalmostsymmetricalﬂowproﬁles. Moreover,the
largeconcentrationofparticlesinthebottomhalfofthechannelsuppressesthe
turbulence.
Thischapteralsoshowstheimportanceofparticle-particlecolisionsintherela-
tivelydilutegas-particleladenﬂow.Includingtheeﬀectofparticle-particlecolisions
increasesthere-distributionofparticlesintotheﬂow,havingasimilar,although
slightlylesspronounced,eﬀectastheroughwals.Thesimulationsresultsinthis
chaptershowtheimportanceoffour-waycouplingandincludingamodeltoaccount
forthewalroughness.Theoveralcomparisonwiththeexperimentalresultsisvery
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good.
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Theneedtounderstandphysicalphenomenathatunderlyparticle-ladenturbulent
ﬂows,suchasparticle-ﬂuid,particle-particleandparticle-walinteractions,arecru-
cialtotheircorrectmodeling. Themostappropriateframeworktostudythese
physicalphenomena,especialytheparticle-ﬂuidinteractions,isviaDirectNumer-
icalSimulations(DNS).Unfortunately,thecomputationaleﬀortrequiredinthese
typeofsimulationsisstilprohibitivelyexpensive.LargeEddySimulations(LES),
ontheotherhand,oﬀeracomputationalycheaperwaytostudytheseﬂowsatthe
expenseofaccuracysincethesmalﬁlteredscalesarereplacedbymodels.Therefore,
theneedtounderstandtheunderlyingphysicalprocessesbecomesapparentasthis
wilhelpformulateappropriatemodelingtools.Thisthesis,therefore,focuseson
theDNSandLESmodelingofsimpliﬁedparticle-ladenturbulentﬂowswiththeaim
ofexplainingtheimportantphysicalmechanismsandmostimportantlydeveloping
appropriatemodelingtools.
9.1SummaryofThesisAchievements
AsdiscussedinChapter2,theEulerian-Lagrangianframeworkisusedinthisre-
searchworktostudyturbulentgas-solidﬂows.Themainequationsoftheﬂuidphase
arepresentedandthemodelingstrategyregardingtheinterphasemomentumex-
change(ortwo-waycoupling)isdiscussed. Moreover,theparticlesinthisworkare
consideredspherical,point-sourcesandthevariousassumptionsofthemethodare
discussed.Thesimpliﬁedparticleequationofmotionispresentedandtheaccom-
panyingassumptionsareexplained.Finaly,theparticletrackingandthevarious
colisionalgorithmsusedinMultiFlow ,thenumericalcodeusedthroughoutthis
researchwork,arepresented.
InChapter3,anovelturbulenceforcingschemeisproposed.Theaimofthisforcing
schemeistosustaintheturbulencekineticenergybyreplenishingtheenergylost
duetodissipation. Theschemeusesamodelspectrum,ofwhichasetofFourier
modesarechosenforforcing.Theschemeisvalidatedagainstturbulencetheoryand
211
Chapter9:ConclusionsandOutlook
itisshownthatitgenerateshomogeneousandisotropicturbulence(HIT).Infact,
itisshownthatbyforcingwavenumbersnearthepeakoftheenergyspectrum,the
turbulencekineticenergyissustainedandatthesametimethesmalscalesarenot
aﬀected. Moreover,theaddedbeneﬁtoftheschemeisthecomputationaleﬃciency
andeaseofimplementationcomparedtootherforcingschemesintheliterature.
Chapter4examinesthesuitabilityoftheproposedforcingschemewhenusedin
particle-ladenHIT.Theforcingschemeistheoreticalyandstatisticaly(viaDNS
simulations)evaluatedinviewofthethreelimitationsdescribedbyLuccietal.
(2010)andtheadditionaldiscussionofAbdelsamieandLee(2012). Theanalysis
undertakeninthischaptershowsthattheﬂuidtransferfunctionandtheenergy
spectrumattheunforcedwavenumbersisnotinﬂuencedbytheforcingscheme.
Therefore,itispossibletoevaluatetheeﬀectsofparticlesatthesewavenumbers.It
isalsoshownstatisticaly,byemployingthecoherencespectra,thattheforcingis
moderatelycorrelatedtotheﬂuidvelocityandtheparticles,withcorrelationcoeﬃ-
cientsof0.17(attheforcedwavenumbers). Mostimportantly,itisshownthatthe
forcingschemerespondstodiﬀerentconditions(e.g.diﬀerentStnumbers). This
isimportantbecausetheintegraloveral wavenumbersofthetransferfunctionis
equaltozero,whichisconsistentwithturbulencetheory.Finaly,itisanalyticaly
shown,byexaminingtheequationofthetemporalevolutionoftheturbulenceki-
neticenergy,thatthetwo-waycouplingisnotaﬀectedbytheforcingscheme.
Chapter5examinesindetailthetwo-waycouplingmechanisminparticle-laden
HIT.AseriesoffulycoupledDNSsimulationswithdiﬀerentStokesnumbers,par-
ticlevolumefractionsandTaylorReynoldsnumbers. Theresultsshowthatthe
ﬂuiddissipationratedropsupto32%comparedtothesinglephaseﬂuiddissipation
andthiswasattributedtothepresenceofthetwo-waycouplingmechanism. The
two-waycouplingisspectralyexaminedandtheshapeofthespectrarevealthat
theparticlestransferenergyfromthelargetothesmalscales,wherebysomeofthis
energyisdissipatedbytheﬂuid.Thisisalsojustiﬁedbylookingattheﬂuidenergy
spectrum,wheretheenergyatlargewavenumbersishigherwhencomparedtothe
correspondingsinglephaseﬂuidenergyspectrum. Moreover,thestudyrevealsthat
theparticlesthemselvesdissipatetherestoftheenergy.Finaly,amodelspectrum
concerningthetwo-waycouplingisproposed,whichtakesintoaccounttheobserva-
tionsofthestudy.
Chapter6investigatesthedispersionofindividualparticlesinHIT.Moreover,the
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dispersionofﬂuid-particle/discreteparticlepairsandparticlepairswithvariable
initialseparationinHITareexamined. Moreover,thischapterinvestigatesthe
welknownTchen-Hinzetheory(Tchen,1947;Hinze,1975)andthesecondorder
LagrangianstructurefunctionforparticlesofdiﬀerentStokesnumbersandTaylor
Reynoldsnumbers.Analgorithmforenablingthetrackingofﬂuid-particles,simi-
lartoYeungandPope(1988),isdeveloped.Theresultsofthischaptershowthat
theTchen-Hinzetheoryisunabletopredictthecorrectenergyspectrumforthe
St=1.0particlesandthisisduetothetheory’srestrictiveassumptionthatadis-
creteparticleneverchangesitsﬂuidenvironment. Moreover,thestudyregarding
theﬂuid-particle/discreteparticlepairdispersionrevealsthatthepairsareinitialy
correlatedtoeachotherduetoacrosscorrelationterm.Thepairseventualysepa-
ratesincethecrosscorrelationtermreachesaplateauatlongdiﬀusiontimes,which
isalsoStokesnumberdependent. Furthermore,theparticlepairdispersionwith
variableinitialseparationsisinvestigated.Theresultsshowthatthediscreteparti-
clepairsdecorrelatefasterthantheir“twin”ﬂuid-particlepairsduetotheirinertia
andhenceunresponsivenesstothehighfrequencyvelocitycomponents. Althe
statisticsconsideredinthischapterarespatialyaveragedoverthedomain.These
statisticsdonotseparateregionsoftheﬂowsuchashighandlowvorticityregions.
Itwouldbeofinteresttoreleaseparcelsofparticlesandexaminetheirdispersionin
theseregionsinordertoenhanceourunderstandingandmostimportantlyformulate
modelsthatare“regionspeciﬁc”.
InChapter7aposterioriﬁlteringonbenchmarkDNSdataandfulycoupledLES
simulationsareperformedtoscrutinisetheeﬀectsofthesubgridscales(SGS)on
thedispersionofparticles. Mostimportantly,theeﬀectsofSGSonthedispersion
ofﬂuid-particle/discreteparticlepairsandparticlepairdispersionwithvariableini-
tialseparationareexamined. Theresultsshowthattheparticlepairdispersion,
especialywhenso=ηκ,andtheﬂuid-particle/discreteparticlepairdispersionare
bothunder-predicted. TheseﬁndingsindicatetheneedtogenerateSGSvelocity
ﬂuctuations,evenattheselowReλsimulations. Ontheotherhand,thesingle
particledispersionisnotinﬂuencedindicatingthatthedispersionisdominatedby
theresidualscalesoftheﬂow. Thesecondpartofthischapterproposesanovel
stochasticmodel,whichisthenvalidatedagainstthebenchmarkDNSdata. The
resultsshowthatthepredictionoftheﬂuid-particle/discreteparticlepairdispersion
oflightparticlesimprovesby∼50%,whereasforheavierparticlestheimprovement
is∼4%. Moreover,theresultsfortheparticlepairdispersionwhentheinitialsep-
arationoftheparticlepairsissmal(oftheorderoftheKolmogorovlengthscale)
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areinverygoodagreementwiththeavailableDNSdata.Themodelatthemoment
doesnottakeintoaccounttheeﬀectsoftheparticlesontheSGS.Asalreadyshown,
theparticleshaveanimportantimpactontheSGS.Therefore,thenextstepfor
thedevelopmentofthemodelistoaddthetwo-waycouplingeﬀects.Inessence
two-waycouplingﬂuctuationsshouldbegeneratedbypickingasetofwavenumber
modesfromthemodelspectrumproposedinChapter5.
InChapter8theLESapproachisexaminedinthecontextofahorizontaltur-
bulentchannelﬂowladenwithlargeStokesnumberparticles.Theperformanceof
twopopulareddyviscositymodels,namelytheSmagorinskymodelandthedynamic
Lily-Germanomodel(Smagorinsky,1963;Germanoetal.,1991;Lily,1992)areex-
amined. Moreover,thecouplingstrategy(i.e.one-waycoupling,two-waycoupling
andfour-waycoupling)isscrutinisedandcomparedtotheavailableexperimental
dataofKussinandSommerfeld(2002).Additionaly,importantphenomena,such
asparticle-particleandparticle-walcolisions,areexaminedundertheframework
ofthesoftsphereandhardspheremethodologies.Infact,anewwalroughness
model,whichisusedinconjunctionwiththesoftspheremethodology,isproposed
andtheresultsareinverygoodagreementwiththeexperimentaldata.Theresults
alsoshowtheimportanceofcolisionsontheredistributionofparticlesacrossthe
channel,especialywhenthecolisionsoccurwithroughwals.Inparticular,atthe
mostextremescenariowhereparticle-particlecolisionsareignoredandthewals
aretreatedassmooth,theresultsshowthattheparticleseventualygatheratthe
bottomofthechannel,aphenomenonwhichisnotobservedexperimentaly.
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A Generationofsynthetic
turbulence
ThepurposeofAppendixAisﬁrsttoexplainthegenerationofsyntheticturbulence
basedontheworkofDavidsonandBilson(2006)originalyproposedbyKraich-
nan(1970)andpresentthemodiﬁcationofthemethodinordertotriggerspeciﬁc
wavenumbermodesfromamodelspectrum.DavidsonandBilson(2006)perform
LES-RANSandusethismethodtosynthesiseturbulentﬂuctuationsintheregion
wheretheLESandRANSregionshaveacommonarea. Kraichnan(1970)origi-
nalysuggestedthataturbulentﬂowﬁeldcanberepresentedbyrandomFourier
modesthatarerelatedtoamodelspectrum. RepeatingtheanalysisofDavidson
andBilson(2006),therandomﬂuctuations,u′i,canbegeneratedusingthefolowing
equations
u′i(xj)=2
N
n=1
(ˆuncosκnjxj+ψn)σni (A.1)
wherenisthemodenumber,Nisthetotalnumberofmodes,uˆnistheamplitude
oftheﬂuctuationsateachmode,whichisdeterminedfromthemodelspectrum(i.e.
uˆ= E(κn)∆κ),ψnisthephaseofeachwavenumbermode,whichisobtained
randomly(therangeis0≤ψn≤2π)andσniisthedirectionofeachmode,κniare
randomwavenumbervectorsinthethreeorthogonaldirectionsdeﬁnedas,
κn1=cos(θn)sinφn (A.2)
κn2=cos(θn)sinφn (A.3)
and
κn3=cos(θn) (A.4)
whereθnandφnarerandomanglesobtainedfrom0≤θn≤πand0≤φn≤2π
respectively. Toensurecontinuitytheunitvectorsσnimustbeorthogonaltoκni.
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Thiscriterionresultsinthefolowingexpressionsforthecomputationofσni
σn1=cos(φn)sin(θn)cos(αn)−sin(φn)sin(αn) (A.5)
σn2=cos(φn)sin(θn)cos(αn)+cos(φn)sin(αn) (A.6)
and
σn3=−sin(θn)cos(αn) (A.7)
whereαnisanotherrandomanglerangingfrom0≤ αn ≤ 2π. Tosynthesise
ﬂuctuationsforhomogeneousandisotropicturbulence,typicalylowwavenumbers
areused,therefore,themethoddescribedinthisAppendixismodiﬁedinorder
to“pick”speciﬁcwavenumbermodes.Inotherwords,Nandnarechosenwhich
correspondstothewavenumberrangerequired.FigureA.1schematicalyilustrates
whichwavenumbermodesaretriggeredtosynthesiseﬂuctuations. Thereforenis
nowgivenas,
n=κ1Lbox2π (A.8)
whereLboxisthelengthofthecubicboxusedinthesimulations.Additionaly,N
isnowgivenas
N=κ2Lbox2π −
κ1Lbox
2π (A.9)
whereκ1andκ2aretheminimumandmaximumwavenumbers,whichareuser
deﬁned.
()!E
!!1 !2
FigureA.1: Energyspectrumwithrangeofwavenumbermodestriggeredtosyn-
thesiseﬂuctuations.
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B Derivationofone-pointand
two-pointequations
ThepurposeofAppendixBistoderiveindetailtheone-point,onetimeandtwo-
point,onetimeequationswhichareusedinChapter4andChapter5.Themomen-
tumequationoftheﬂuidisasfolows
∂(vfj)
∂t +
∂(vfjvfi)
∂xi =−
1
ρf
∂p
∂xj+
1
ρf
∂(τfij)
∂xi +Svf,j+T
f
j+Πj (B.1)
SettingthelinearsourcetermstozeroandTfjisadjustedforforcingwhichisgiven
as
Tfj=ρf∆t
q2f,wanted− q2f,computed
q2f,wanted
vftriggered (B.2)
andΠjisthetwo-waycoupling
Πj=−1ρf
1
Vcell
phases=f
p=1
Vpβ(f,p)vf@p,j−vp,j (B.3)
where
q2f=12v
f
jvfj (B.4)
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B.1 Derivationofevolutionofturbulencekinetic
energy
Toobtaintheevolutionoftheturbulentkineticenergywithtimeequationismul-
tipliedwithvfjandthenspatialyaveraged.
vfj
∂(vfj)
∂t
A
+ vfj
∂(vfjvfi)
∂xi
B
=− 1ρf v
f
j
∂p
∂xj
C
+1ρf v
f
j
∂(τfij)
∂xi
D
+ vfjΠj
E
+ vfjTfj
F
(B.5)
TermAsimpliﬁesas
∂(vfjvfj)
∂t =2 v
f
j
∂(vfj)
∂t (B.6)
∂(q2f)
∂t = v
f
j
∂(vfj)
∂t (B.7)
TermBsimpliﬁesas
∂(vfjvfjvfi)
∂xi
zerobecausenetenergytransferiszero
= vfjvfj∂(v
f
i)
∂xi
zeroduetocontinuity
+ 2 vfivfj
∂(vfj)
∂xi
sameastermBsinceﬂuidisincompressible
(B.8)
TermCsimpliﬁesas
∂vfjp
∂xj
thegradientofcrosstermsiszero
= vfj∂p∂xj
termC
+ p∂v
f
j
∂xj
zeroduetocontinuity
(B.9)
Bysubstitutingτij,termDsimpliﬁesas
1
ρf v
f
j
∂(τfij)
∂xi =νf v
f
j
∂
∂xi
∂vfj
∂xi+
∂vfi
∂xi (B.10)
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νf ∂∂xi v
f
j
∂vfj
∂xi+
∂vfi
∂xi
thegradientofcrosstermsiszero
=νf vfj ∂∂xi
∂vfj
∂xi+
∂vfi
∂xi
TermD
+νf ∂v
f
j
∂xi
∂vfj
∂xi+
∂vfi
∂xi
Fluiddissipation,ǫf
(B.11)
TermEistheParticleDissipation,whichisdenotedasǫp(t),causedbytheinter-
actionoftheparticleswiththeﬂuid.TermFistheForcingtermanditisdenoted
asF(t).Colectingal”surviving”termsgivesthefolowingequation,
∂(q2f(t))
∂t
zerobecauseHITisstationary
=F(t)
Forcing
− ǫf(t)
FluidDissipation
+ ǫp(t)
ParticleDissipation
(B.12)
B.2 Derivationofdynamicalequationoftheﬂuid
energyspectrum
Thesameprocesscanberepeatedtoobtainthetwo-pointonetimestatistics,or
correlations.EquationB.1ismultipliedbythevelocityatadiﬀerentpoint(denoted
by′)andaverage,i.e.
vf′j∂(ρfv
f
i)
∂t + v
f′
j
∂(ρfvfivfk)
∂xk =− v
f′
j
∂p
∂xi + v
f′
j
∂(τfik)
∂xk
+ vf′jΠi + vf′jTfi
(B.13)
Thesameisrepeatedatadiﬀerentpoint
vfi
∂(ρfvf′j)
∂t + v
f
i
∂(ρfvf′jvf′k)
∂x′k =− v
f
i
∂p′
∂x′j + v
f
i
∂(τf′jk)
∂x′k
+ vfiΠ′j + vfiTf′j
(B.14)
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AddingEquationsB.13andB.14andsimplifyingterms,
∂vfivf′j
∂t +
∂vf′jvfivfk
∂xk +
∂vfivf′jvf′k
∂x′k =−
1
ρf
∂vf′jp
∂xi +
∂vfip′
∂x′j
+νf
∂2 vfivf′j
∂xk∂xk +
∂2 vfivf′j
∂x′k∂x′k
+ vf′jΠi + vfiΠ′j
+ vf′jTfi + vfiTf′j
(B.15)
where
1
ρf v
f′
j
∂(τfik)
∂xk +
1
ρfv
f
i
∂(τf′jk)
∂x′k =νf
∂2 vfivf′j
∂xk∂xk +
∂2 vfivf′j
∂x′k∂x′k (B.16)
Fromhomogeneity,EquationB.15becomes
∂vfivf′j
∂t −
∂vf′jvfivfk
∂rk +
∂vfivf′jvf′k
∂r′k =−
1
ρf
∂vf′jp
∂ri +
∂vfip′
∂r′j
+2νf
∂2 vfivf′j
∂rk∂rk
+ vf′jΠi + vfiΠ′j
+ vf′jTfi + vfiTf′j
(B.17)
Recognisingthat vfivf′j isthetwo-pointcorrelationBi,j(r,t),
∂Bi,j(r,t)
∂t −
∂Bik,j(r,t)
∂rk +
∂Bi,jk(r,t)
∂r′k =−
1
ρf
∂Bp,j(r,t)
∂ri +
∂Bj,p(r,t)
∂r′j
+2νf ∂
2Bi,j(r,t)
∂rk∂rk
+ vf′jΠi + vfiΠ′j
+ vf′jTfi + vfiTf′j
(B.18)
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Settingi=j,thepressure-velocitycrosscorrelationsdropbecauseofcontinuity
implications(seeGeorge,2010),hence,
∂Bi,i(r,t)
∂t −
∂Bik,i(r,t)
∂rk +
∂Bi,ik(r,t)
∂r′k =2νf
∂2Bi,i(r,t)
∂rk∂rk
+ vf′iΠi + vfiΠ′i
+ vf′iTfi + vfiTf′i
(B.19)
Re-writingthelastfourtermsontheright-handsideas
Bi,Πi(r,t)=vf′iΠi + vfiΠ′i (B.20)
and
Bi,Tfi(r,t)=v
f′
iTfi + vfiTf′i (B.21)
thenequationB.19becomes
∂Bi,i(r,t)
∂t =
∂
∂rk Bik,i(r,t)−Bi,ik(r,t)+2νf
∂2Bi,i(r,t)
∂rk∂rk
+Bi,Πi(r,t)+Bi,Tfi(r,t)
(B.22)
Fouriertransforming,EquationB.22,amodiﬁedLinequationisobtained,
∂Fi,i(κ,t)
∂t =iκk[Fik,i(κ,t)−Fi,ik(κ,t)]−2νfFi,i(κ,t)
+Fi,Πi(κ,t)+Fi,Tfi(κ,t)
(B.23)
whereFi,j(κ,t)istheone-dimensionalcross-spectrumofvelocityindirectionsiand
j,i.e.Fi,j(κ,t)=viv′⋆j andviistheFouriertransformofviandv⋆iisthecomplex
conjugateofvi.Additionaly,Fi,Πi(κ,t)isdeﬁnedas
Fi,Πi(κ,t)=vf′⋆i Πi + vfiΠ′⋆i (B.24)
andFi,Tfi(κ,t)isdeﬁnedas
Fi,Tfi(κ,t)=v
f′⋆
i Tfi + vfiTf′⋆i (B.25)
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Integratingoversphericalshelsofradiusκi=|κi|yieldsthethree-dimensional
particle-ladendynamicalequationfortheenergyspectrum,E(κ)
∂E(κ,t)
∂t =T(κ,t)−2νfκ
2E(κ,t)−B(κ,t)F(κ,t)+Ψ(κ,t) (B.26)
whereT(κ,t)isthethree-dimensionalnon-linearﬂuidtransferfunction,F(κ,t)is
thethree-dimensionalforcingterm,B(κ,t)isthetop-hatfunctionwhichisnon-zero
attheforcedwavenumbersandzeroattheunforcedwavenumbersandΨ(κ,t)isthe
three-dimensionaltwo-waycouplingspectrum.
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C Derivationofthesubgridscale
velocitytransportequation
ThepurposeofAppendixCistoderivethetransportequationforthesubgrid
velocityﬂuctuations,v′f,i.Thetransportequationforv′f,iisusedinthederivationof
thetwo-stepstochasticmodelinChapter7.Thetransportequationforthevelocity
isgivenby Dvf,i
Dt =−
1
ρf
∂P
∂xi+
1
ρf
∂τij
xj (C.1)
wherethesubstantialderivativeD/Dtisdeﬁnedas
D
Dt=
∂
∂t+vf,j
∂
∂xj (C.2)
Thetransportequationfortheﬁlteredvelocityisgivenby
Dvf,i
Dt =−
1
ρf
∂P
∂xi+
1
ρf
∂τij
xj −
∂τmij
∂xj (C.3)
whereτmij=vf,ivf,j−vf,ivf,j.TheﬁlteredsubstantialderivativeD/Dtisdeﬁnedas
D
Dt=
∂
∂t+vf,j
∂
∂xj (C.4)
Thetransportequationforthesubgridvelocitycanbefoundusingthefolowing
relation
Dv′f,i
Dt =
Dvf,i
Dt −
Dvf,i
Dt +Φ (C.5)
whereΦcanbetreatedasacorrectingfactorbetweenthetransportequations
forvf,iandvf,i. Substitutingthedeﬁnitionsforthesubstantialderivativesinto
equationC.5,yields
∂v′f,i
∂t +vf,j
∂v′f,i
∂xj=
∂vf,i
∂t +vf,j
∂vf,i
∂xj−
∂vf,i
∂t −vf,j
∂vf,i
∂xj+Φ (C.6)
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The∂/∂ttermsinequationC.6canceloutbecausevf,icanbeseparatedas
vf,i(t)=vf,i(t)+v′f,i(t) (C.7)
SubstitutingequationC.7intoequationC.6yields
vf,j∂v
′f,i
∂xj=[vf,j+v
′f,j]∂∂xj[vf,i+v
′f,i]−vf,j∂vf,i∂xj+Φ (C.8)
andfurthersimplifyingequationC.8,resultsin
Φ=−v′f,j∂vf,i∂xj−v
′f,j
∂v′f,i
∂xj (C.9)
Morever,bysubtractingtheequationC.3fromequationC.1,resultsin
Dv′f,i
Dt =Φ+
∂τmij
∂xj−
1
ρf
∂P′
∂xi+
1
ρf
∂τ′ij
xj (C.10)
SubstitutingequationC.9intoequationC.10yieldsthesubgridscalevelocitytrans-
portequation
Dv′f,i
Dt =−v
′f,j
∂vf,i
∂xj−v
′f,j
∂v′f,i
∂xj+
∂τmij
∂xj−
1
ρf
∂P′
∂xi+
1
ρf
∂τ′ij
xj (C.11)
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